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We construct fixed point lattice models for group supercohomology symmetry protected topolog-
ical (SPT) phases of fermions in 2 + 1D. A key feature of our approach is to construct finite depth
circuits of local unitaries that explicitly build the ground states from a tensor product state. We
then recover the classification of fermionic SPT phases, including the group structure under stack-
ing, from the algebraic composition rules of these circuits. Furthermore, we show that the circuits
are symmetric, implying that the group supercohomology phases can be many body localized. Our
strategy involves first building an auxiliary bosonic model, and then fermionizing it using the du-
ality of Chen, Kapustin, and Radicevic. One benefit of this approach is that it clearly disentangles
the role of the algebraic group supercohomology data, which is used to build the auxiliary bosonic
model, from that of the spin structure, which is combinatorially encoded in the lattice and enters
only in the fermionization step. In particular this allows us to study our models on 2d spatial
manifolds of any topology, and to define a lattice-level procedure for ungauging fermion parity.
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I. INTRODUCTION
A major goal in understanding symmetry protected
topological (SPT) phases is their classification, i.e. the
identification and enumeration of the possible phases.
Essential to a classification scheme is the construction
of microscopic models for each phase, as well as the
identification of quantized many-body invariants which
discriminate between the different phases. For bosonic
SPT phases in 2+1D with unitary onsite symmetries, the
classification is well understood in terms of the frame-
work of group cohomology theory. The algebraic data of
group cohomology is used both in the construction of ex-
actly solvable lattice models [1] and in the identification
of quantized invariants, where group cohomology classes
appear in the universal statistics of the symmetry flux
excitations [2].
In contrast, despite much recent progress [3–9], the
classification of fermionic SPT phases is not as well un-
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2derstood. A mathematical structure analogous to group
cohomology - termed group supercohomology - was in-
troduced in the pioneering work of Ref. [5] to describe
a subset of fermionic SPT phases. However, group su-
percohomology has yet to be as directly connected to ex-
plicit lattice Hamiltonians or to universal quantized ob-
servables. While certain lattice fermionic Hamiltonians
were, in fact, written down in terms of group superco-
homology data in Ref. [5], these intricate constructions
rely on seemingly arbitrary choices and cannot straight-
forwardly be put on spatial manifolds of general topol-
ogy. In a space-time path integral formalism, these ar-
bitrary choices have since been interpreted as choices of
spin structure [4] – now understood to be a crucial ingre-
dient in constructing fixed point fermionic SPT models.
Progress has been made in incorporating spin structures
directly in a Hamiltonian formalism [10–12], in particular
in Ref. [9], where ground state wavefunctions incorporat-
ing spin structure were defined implicitly in terms of con-
straints that involve different lattice structures related by
local deformations. However, there is still no general pre-
scription for turning group supercohomology data and a
choice of spin structure into a fermionic Hamiltonian on
a fixed lattice in a general spatial geometry.
Group supercohomology classes have also not yet been
directly connected to quantized many-body invariants of
gapped, lattice Hamiltonians. It has been shown [13],
that the supercohomology data can be interpreted as
quantized topological terms in the effective space-time
action for a combination of the global symmetry and
fermion parity gauge fields. That being the case, these
space-time observables should in principle be encoded in
the joint braiding statistics of symmetry and fermion par-
ity fluxes, but such statistics have only been studied in
the continuum [7 and 14]. For bosonic SPT phases, the
underlying group cohomology data can be extracted us-
ing a well defined lattice minimal coupling gauging proce-
dure that maps the SPT system to a system with topolog-
ical order. An analogous lattice Hamiltonian procedure
has so far been missing on the fermionic side - making
it difficult to argue that group supercohomology classes
are quantized invariants of lattice fermionic SPT Hamil-
tonians.
In this paper, we solve both of these problems in the
case of 2+1 dimensions and finite unitary on-site symme-
try G × Zf2, where Zf2 is fermion parity. Specifically, we
accomplish the following:
(1) We construct a representative fermionic lattice
SPT Hamiltonian for every choice of group supercoho-
mology data, 2d oriented spatial manifold M , and spin
structure on M . Moreover, we write down an explicit
finite depth quantum circuit of local unitaries that con-
structs its ground state from a trivial product state.
(2) Using these finite depth circuits, we recover the
group structure of our SPT phases under stacking. We
also find that two different sets of group supercohomol-
ogy data can lead to circuits that differ only by a product
of symmetric local unitaries, and hence define the same
phase. This leads to a natural equivalence relation on
group supercohomology data, which matches that of pre-
vious works. Conversely, we prove that for inequivalent
group supercohomology data, the corresponding Hamil-
tonians are in distinct phases.
A choice of group supercohomology data is encoded
in a pair (n, ν), where n and ν are certain Z2 and U(1)-
valued functions of G variables, respectively (defined pre-
cisely in section II A below). Given the data (n, ν), the
construction of our fermionic lattice SPT Hamiltonian,
inspired by the work of Ref. [3], proceeds in 3 steps.
(i) We use n and ν to construct an auxiliary bosonic
SPT Hamiltonian with enlarged symmetry group G˜,
where G˜ is the extension of G by Z2 determined by
n. G˜ contains Z2 as a subgroup and G as a quotient:
G = G˜/Z2, so the auxiliary bosonic SPT model has a
global Z2 symmetry but is not in general G-symmetric.
Being a group cohomology bosonic SPT, it can be put on
any spatial manifold M with a triangulation and branch-
ing structure [1].
(ii) We gauge the Z2 ⊂ G˜ by minimally coupling the
auxiliary bosonic SPT to a Z2 lattice gauge field and
imposing a Gauss’s law constraint. By choosing an ap-
propriate basis of gauge invariant operators, this gauge
theory can be interpreted as an unconstrained bosonic
model - which we refer to as the ‘shadow’ model follow-
ing Ref. [3] - with global symmetry G = G˜/Z2 and toric
code topological order. Specifically, the shadow model
has generalized G-spin vertex degrees of freedom, which
transform under the G symmetry in the standard way,
and spin- 12 link degrees of freedom, which encode a toric
code topological order.
(iii) Finally, we obtain our fermionic SPT by applying
the fermionization duality of Ref. [15] (reviewed below)
to trade the bosonic spin- 12 link degrees of freedom in
the shadow model for spinless complex fermions located
on the triangular faces. The underlying idea behind this
fermionization is to represent the fermion as the bound
state of a toric code charge and flux excitation [16 and
17]. The fermionization procedure is not unique, how-
ever, as it requires a choice of spin structure. Spin struc-
ture enters our construction only here, encoded combi-
natorially in a certain subset of links E . This step can
be thought of as effectively ‘un-gauging’ fermion parity
symmetry [18], resulting in a model defined in a fermionic
Fock space.
This three-step construction highlights one important
advantage of our approach: it clearly disentangles the
roles of group supercohomology data and spin structure
in fermionic SPT models. One needs just the group
supercohomology data to construct the bosonic shadow
model (steps (i) and (ii)), whereas the spin structure
enters only in the fermionization duality that maps this
shadow model to the desired fermionic SPT (step (iii)).
A key part of our approach is the construction of finite
3Ungauging
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Fermionic SPT
<latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=" >AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4 Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70Ahkx kFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVn RgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKX tu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=" >AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4 Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70Ahkx kFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVn RgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKX tu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=" >AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4 Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70Ahkx kFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVn RgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKX tu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=" >AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4 Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70Ahkx kFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVn RgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKX tu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit>⌦
<latexit sha1_ba se64="hFZbopQV0iHrnBF3vL/a7qNQU YA=">AAAB/XicbVDLSgMxFL1TX7W+xs fOTbAVXJWZbnRZdOOygn1AO5RMmmlDM 8mQZIQ6FH/FjQtF3Pof7vwb03YW2nog cDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3 s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zD DaSdRFMchp+1wfDPz2w9UaSbFvZkkNI jxULCIEWys1HdPKj3FhiObi8wIq0RKo St9t+xVvTnQKvFzUoYcjb771RtIksZU GMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB 2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nc hwrPUkDu1kjM1IL3sz8T+vm5roKsiYS FJDBVksilKOjESzKtCAKUoMn1iCiWL2 VkRsB5gYW1jJluAvf3mVtGpV36v6d7V y/TqvowincAYX4MMl1OEWGtAEAo/wDK /w5jw5L86787EYLTh55hj+wPn8AZJ9l Ug=</latexit><latexit sha1_ba se64="hFZbopQV0iHrnBF3vL/a7qNQU YA=">AAAB/XicbVDLSgMxFL1TX7W+xs fOTbAVXJWZbnRZdOOygn1AO5RMmmlDM 8mQZIQ6FH/FjQtF3Pof7vwb03YW2nog cDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3 s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zD DaSdRFMchp+1wfDPz2w9UaSbFvZkkNI jxULCIEWys1HdPKj3FhiObi8wIq0RKo St9t+xVvTnQKvFzUoYcjb771RtIksZU GMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB 2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nc hwrPUkDu1kjM1IL3sz8T+vm5roKsiYS FJDBVksilKOjESzKtCAKUoMn1iCiWL2 VkRsB5gYW1jJluAvf3mVtGpV36v6d7V y/TqvowincAYX4MMl1OEWGtAEAo/wDK /w5jw5L86787EYLTh55hj+wPn8AZJ9l Ug=</latexit><latexit sha1_ba se64="hFZbopQV0iHrnBF3vL/a7qNQU YA=">AAAB/XicbVDLSgMxFL1TX7W+xs fOTbAVXJWZbnRZdOOygn1AO5RMmmlDM 8mQZIQ6FH/FjQtF3Pof7vwb03YW2nog cDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3 s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zD DaSdRFMchp+1wfDPz2w9UaSbFvZkkNI jxULCIEWys1HdPKj3FhiObi8wIq0RKo St9t+xVvTnQKvFzUoYcjb771RtIksZU GMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB 2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nc hwrPUkDu1kjM1IL3sz8T+vm5roKsiYS FJDBVksilKOjESzKtCAKUoMn1iCiWL2 VkRsB5gYW1jJluAvf3mVtGpV36v6d7V y/TqvowincAYX4MMl1OEWGtAEAo/wDK /w5jw5L86787EYLTh55hj+wPn8AZJ9l Ug=</latexit><latexit sha1_ba se64="hFZbopQV0iHrnBF3vL/a7qNQU YA=">AAAB/XicbVDLSgMxFL1TX7W+xs fOTbAVXJWZbnRZdOOygn1AO5RMmmlDM 8mQZIQ6FH/FjQtF3Pof7vwb03YW2nog cDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3 s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zD DaSdRFMchp+1wfDPz2w9UaSbFvZkkNI jxULCIEWys1HdPKj3FhiObi8wIq0RKo St9t+xVvTnQKvFzUoYcjb771RtIksZU GMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB 2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nc hwrPUkDu1kjM1IL3sz8T+vm5roKsiYS FJDBVksilKOjESzKtCAKUoMn1iCiWL2 VkRsB5gYW1jJluAvf3mVtGpV36v6d7V y/TqvowincAYX4MMl1OEWGtAEAo/wDK /w5jw5L86787EYLTh55hj+wPn8AZJ9l Ug=</latexit>
⌦
<latexit  sha1_base64="hF ZbopQV0iHrnBF3v L/a7qNQUYA=">AAA B/XicbVDLSgMxFL 1TX7W+xsfOTbAVXJ WZbnRZdOOygn1AO5 RMmmlDM8mQZIQ6F H/FjQtF3Pof7vwb0 3YW2nogcDjnHu7N CRPOtPG8b6ewtr6x uVXcLu3s7u0fuId HLS1TRWiTSC5VJ8S aciZo0zDDaSdRFM chp+1wfDPz2w9UaS bFvZkkNIjxULCIE Wys1HdPKj3FhiObi 8wIq0RKoSt9t+xV vTnQKvFzUoYcjb77 1RtIksZUGMKx1l3f S0yQYWUY4XRa6qW aJpiM8ZB2LRU4pjr I5tdP0blVBiiSyj 5h0Fz9nchwrPUkDu 1kjM1IL3sz8T+vm 5roKsiYSFJDBVksi lKOjESzKtCAKUoM n1iCiWL2VkRsB5gY W1jJluAvf3mVtGp V36v6d7Vy/Tqvowi ncAYX4MMl1OEWGt AEAo/wDK/w5jw5L8 6787EYLTh55hj+wP n8AZJ9lUg=</lat exit><latexit  sha1_base64="hF ZbopQV0iHrnBF3v L/a7qNQUYA=">AAA B/XicbVDLSgMxFL 1TX7W+xsfOTbAVXJ WZbnRZdOOygn1AO5 RMmmlDM8mQZIQ6F H/FjQtF3Pof7vwb0 3YW2nogcDjnHu7N CRPOtPG8b6ewtr6x uVXcLu3s7u0fuId HLS1TRWiTSC5VJ8S aciZo0zDDaSdRFM chp+1wfDPz2w9UaS bFvZkkNIjxULCIE Wys1HdPKj3FhiObi 8wIq0RKoSt9t+xV vTnQKvFzUoYcjb77 1RtIksZUGMKx1l3f S0yQYWUY4XRa6qW aJpiM8ZB2LRU4pjr I5tdP0blVBiiSyj 5h0Fz9nchwrPUkDu 1kjM1IL3sz8T+vm 5roKsiYSFJDBVksi lKOjESzKtCAKUoM n1iCiWL2VkRsB5gY W1jJluAvf3mVtGp V36v6d7Vy/Tqvowi ncAYX4MMl1OEWGt AEAo/wDK/w5jw5L8 6787EYLTh55hj+wP n8AZJ9lUg=</lat exit><latexit  sha1_base64="hF ZbopQV0iHrnBF3v L/a7qNQUYA=">AAA B/XicbVDLSgMxFL 1TX7W+xsfOTbAVXJ WZbnRZdOOygn1AO5 RMmmlDM8mQZIQ6F H/FjQtF3Pof7vwb0 3YW2nogcDjnHu7N CRPOtPG8b6ewtr6x uVXcLu3s7u0fuId HLS1TRWiTSC5VJ8S aciZo0zDDaSdRFM chp+1wfDPz2w9UaS bFvZkkNIjxULCIE Wys1HdPKj3FhiObi 8wIq0RKoSt9t+xV vTnQKvFzUoYcjb77 1RtIksZUGMKx1l3f S0yQYWUY4XRa6qW aJpiM8ZB2LRU4pjr I5tdP0blVBiiSyj 5h0Fz9nchwrPUkDu 1kjM1IL3sz8T+vm 5roKsiYSFJDBVksi lKOjESzKtCAKUoM n1iCiWL2VkRsB5gY W1jJluAvf3mVtGp V36v6d7Vy/Tqvowi ncAYX4MMl1OEWGt AEAo/wDK/w5jw5L8 6787EYLTh55hj+wP n8AZJ9lUg=</lat exit><latexit  sha1_base64="hF ZbopQV0iHrnBF3v L/a7qNQUYA=">AAA B/XicbVDLSgMxFL 1TX7W+xsfOTbAVXJ WZbnRZdOOygn1AO5 RMmmlDM8mQZIQ6F H/FjQtF3Pof7vwb0 3YW2nogcDjnHu7N CRPOtPG8b6ewtr6x uVXcLu3s7u0fuId HLS1TRWiTSC5VJ8S aciZo0zDDaSdRFM chp+1wfDPz2w9UaS bFvZkkNIjxULCIE Wys1HdPKj3FhiObi 8wIq0RKoSt9t+xV vTnQKvFzUoYcjb77 1RtIksZUGMKx1l3f S0yQYWUY4XRa6qW aJpiM8ZB2LRU4pjr I5tdP0blVBiiSyj 5h0Fz9nchwrPUkDu 1kjM1IL3sz8T+vm 5roKsiYSFJDBVksi lKOjESzKtCAKUoM n1iCiWL2VkRsB5gY W1jJluAvf3mVtGp V36v6d7Vy/Tqvowi ncAYX4MMl1OEWGt AEAo/wDK/w5jw5L8 6787EYLTh55hj+wP n8AZJ9lUg=</lat exit>
Fermionization
<latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=" >AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vCh DNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJj MKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr 9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC 8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=" >AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vCh DNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJj MKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr 9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC 8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=" >AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vCh DNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJj MKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr 9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC 8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=" >AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vCh DNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJj MKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr 9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC 8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit>
Bosonization
<latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=" >AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSz rTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQ UhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4 L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/Et xUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=" >AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSz rTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQ UhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4 L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/Et xUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=" >AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSz rTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQ UhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4 L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/Et xUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=" >AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSz rTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQ UhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4 L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/Et xUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit>
Spin
str cture
<latexit sha1_base64="E3Yu1C0wurwR5dFmr0Dd+NZIwGQ=" >AAACF3icbVDLSsNAFJ3UV42vqEs3g0VwVZJudFlw47KifUATymRy0w6dTMLMRCihf+HGX3HjQhG3uvNvnLYRtPXAwOGce7hzT5hxp rTrflmVtfWNza3qtr2zu7d/4BwedVSaSwptmvJU9kKigDMBbc00h14mgSQhh244vpr53XuQiqXiTk8yCBIyFCxmlGgjDZy6H8KQiYK C0CCn+DZjAvs+tpWWOdW5BNsHEf34A6fm1t058CrxSlJDJVoD59OPUponJk45UarvuZkOCiI1oxymtp8ryAgdkyH0DRUkARUU87um +MwoEY5TaZ7QeK7+ThQkUWqShGYyIXqklr2Z+J/Xz3V8GRRMZLkGQReL4pxjneJZSThiEqjmE0MIlcz8FdMRkYSaDpRtSvCWT14lnU bdc+veTaPWbJR1VNEJOkXnyEMXqImuUQu1EUUP6Am9oFfr0Xq23qz3xWjFKjPH6A+sj29msKAC</latexit><latexit sha1_base64="E3Yu1C0wurwR5dFmr0Dd+NZIwGQ=" >AAACF3icbVDLSsNAFJ3UV42vqEs3g0VwVZJudFlw47KifUATymRy0w6dTMLMRCihf+HGX3HjQhG3uvNvnLYRtPXAwOGce7hzT5hxp rTrflmVtfWNza3qtr2zu7d/4BwedVSaSwptmvJU9kKigDMBbc00h14mgSQhh244vpr53XuQiqXiTk8yCBIyFCxmlGgjDZy6H8KQiYK C0CCn+DZjAvs+tpWWOdW5BNsHEf34A6fm1t058CrxSlJDJVoD59OPUponJk45UarvuZkOCiI1oxymtp8ryAgdkyH0DRUkARUU87um +MwoEY5TaZ7QeK7+ThQkUWqShGYyIXqklr2Z+J/Xz3V8GRRMZLkGQReL4pxjneJZSThiEqjmE0MIlcz8FdMRkYSaDpRtSvCWT14lnU bdc+veTaPWbJR1VNEJOkXnyEMXqImuUQu1EUUP6Am9oFfr0Xq23qz3xWjFKjPH6A+sj29msKAC</latexit><latexit sha1_base64="E3Yu1C0wurwR5dFmr0Dd+NZIwGQ=" >AAACF3icbVDLSsNAFJ3UV42vqEs3g0VwVZJudFlw47KifUATymRy0w6dTMLMRCihf+HGX3HjQhG3uvNvnLYRtPXAwOGce7hzT5hxp rTrflmVtfWNza3qtr2zu7d/4BwedVSaSwptmvJU9kKigDMBbc00h14mgSQhh244vpr53XuQiqXiTk8yCBIyFCxmlGgjDZy6H8KQiYK C0CCn+DZjAvs+tpWWOdW5BNsHEf34A6fm1t058CrxSlJDJVoD59OPUponJk45UarvuZkOCiI1oxymtp8ryAgdkyH0DRUkARUU87um +MwoEY5TaZ7QeK7+ThQkUWqShGYyIXqklr2Z+J/Xz3V8GRRMZLkGQReL4pxjneJZSThiEqjmE0MIlcz8FdMRkYSaDpRtSvCWT14lnU bdc+veTaPWbJR1VNEJOkXnyEMXqImuUQu1EUUP6Am9oFfr0Xq23qz3xWjFKjPH6A+sj29msKAC</latexit><latexit sha1_base64="E3Yu1C0wurwR5dFmr0Dd+NZIwGQ=" >AAACF3icbVDLSsNAFJ3UV42vqEs3g0VwVZJudFlw47KifUATymRy0w6dTMLMRCihf+HGX3HjQhG3uvNvnLYRtPXAwOGce7hzT5hxp rTrflmVtfWNza3qtr2zu7d/4BwedVSaSwptmvJU9kKigDMBbc00h14mgSQhh244vpr53XuQiqXiTk8yCBIyFCxmlGgjDZy6H8KQiYK C0CCn+DZjAvs+tpWWOdW5BNsHEf34A6fm1t058CrxSlJDJVoD59OPUponJk45UarvuZkOCiI1oxymtp8ryAgdkyH0DRUkARUU87um +MwoEY5TaZ7QeK7+ThQkUWqShGYyIXqklr2Z+J/Xz3V8GRRMZLkGQReL4pxjneJZSThiEqjmE0MIlcz8FdMRkYSaDpRtSvCWT14lnU bdc+veTaPWbJR1VNEJOkXnyEMXqImuUQu1EUUP6Am9oFfr0Xq23qz3xWjFKjPH6A+sj29msKAC</latexit>
Supercohomology
data (n, ⌫)
<latexit sha1 _base64="imGxa2SBOkaHY8PJu 8K9Q8vyyDs=">AAACJ3icbVDL SgMxFM3UVx1fVZduglWoIGWmG 11JwY3LirYVOqVkMrdtaCYZkox Qhv6NG3/FjaAiuvRPTB+Cth4I HM65h5t7woQzbTzv08ktLa+sru XX3Y3Nre2dwu5eQ8tUUahTyaW 6C4kGzgTUDTMc7hIFJA45NMPB5 dhv3oPSTIpbM0ygHZOeYF1Gib FSp3ARhNBjIqMgDKgRvkkTUFT 2ZWyjvSEOAuxGxBB8VBKngUhPj twARPQz3ykUvbI3AV4k/owU0Q y1TuEliCRNYxunnGjd8r3EtDOi DKMcRm6QakgIHZAetCwVJAbdz iZ3jvCxVSLclco+YfBE/Z3ISKz 1MA7tZExMX897Y/E/r5Wa7nk7 YyJJDQg6XdRNOTYSj0vDEVNAD R9aQqhi9q+Y9oki1HagXVuCP3/ yImlUyr5X9q8rxWplVkceHaBD VEI+OkNVdIVqqI4oekBP6BW9OY /Os/PufExHc84ss4/+wPn6BnY tpZI=</latexit><latexit sha1 _base64="imGxa2SBOkaHY8PJu 8K9Q8vyyDs=">AAACJ3icbVDL SgMxFM3UVx1fVZduglWoIGWmG 11JwY3LirYVOqVkMrdtaCYZkox Qhv6NG3/FjaAiuvRPTB+Cth4I HM65h5t7woQzbTzv08ktLa+sru XX3Y3Nre2dwu5eQ8tUUahTyaW 6C4kGzgTUDTMc7hIFJA45NMPB5 dhv3oPSTIpbM0ygHZOeYF1Gib FSp3ARhNBjIqMgDKgRvkkTUFT 2ZWyjvSEOAuxGxBB8VBKngUhPj twARPQz3ykUvbI3AV4k/owU0Q y1TuEliCRNYxunnGjd8r3EtDOi DKMcRm6QakgIHZAetCwVJAbdz iZ3jvCxVSLclco+YfBE/Z3ISKz 1MA7tZExMX897Y/E/r5Wa7nk7 YyJJDQg6XdRNOTYSj0vDEVNAD R9aQqhi9q+Y9oki1HagXVuCP3/ yImlUyr5X9q8rxWplVkceHaBD VEI+OkNVdIVqqI4oekBP6BW9OY /Os/PufExHc84ss4/+wPn6BnY tpZI=</latexit><latexit sha1 _base64="imGxa2SBOkaHY8PJu 8K9Q8vyyDs=">AAACJ3icbVDL SgMxFM3UVx1fVZduglWoIGWmG 11JwY3LirYVOqVkMrdtaCYZkox Qhv6NG3/FjaAiuvRPTB+Cth4I HM65h5t7woQzbTzv08ktLa+sru XX3Y3Nre2dwu5eQ8tUUahTyaW 6C4kGzgTUDTMc7hIFJA45NMPB5 dhv3oPSTIpbM0ygHZOeYF1Gib FSp3ARhNBjIqMgDKgRvkkTUFT 2ZWyjvSEOAuxGxBB8VBKngUhPj twARPQz3ykUvbI3AV4k/owU0Q y1TuEliCRNYxunnGjd8r3EtDOi DKMcRm6QakgIHZAetCwVJAbdz iZ3jvCxVSLclco+YfBE/Z3ISKz 1MA7tZExMX897Y/E/r5Wa7nk7 YyJJDQg6XdRNOTYSj0vDEVNAD R9aQqhi9q+Y9oki1HagXVuCP3/ yImlUyr5X9q8rxWplVkceHaBD VEI+OkNVdIVqqI4oekBP6BW9OY /Os/PufExHc84ss4/+wPn6BnY tpZI=</latexit><latexit sha1 _base64="imGxa2SBOkaHY8PJu 8K9Q8vyyDs=">AAACJ3icbVDL SgMxFM3UVx1fVZduglWoIGWmG 11JwY3LirYVOqVkMrdtaCYZkox Qhv6NG3/FjaAiuvRPTB+Cth4I HM65h5t7woQzbTzv08ktLa+sru XX3Y3Nre2dwu5eQ8tUUahTyaW 6C4kGzgTUDTMc7hIFJA45NMPB5 dhv3oPSTIpbM0ygHZOeYF1Gib FSp3ARhNBjIqMgDKgRvkkTUFT 2ZWyjvSEOAuxGxBB8VBKngUhPj twARPQz3ykUvbI3AV4k/owU0Q y1TuEliCRNYxunnGjd8r3EtDOi DKMcRm6QakgIHZAetCwVJAbdz iZ3jvCxVSLclco+YfBE/Z3ISKz 1MA7tZExMX897Y/E/r5Wa7nk7 YyJJDQg6XdRNOTYSj0vDEVNAD R9aQqhi9q+Y9oki1HagXVuCP3/ yImlUyr5X9q8rxWplVkceHaBD VEI+OkNVdIVqqI4oekBP6BW9OY /Os/PufExHc84ss4/+wPn6BnY tpZI=</latexit>  !<latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit> <latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit> <latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit> <latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit> !<latexit sha1_base64="2OdrF uT0JqDVwIwOaByh+no 0tP0=">AAACFnicbV DLSgMxFM34rPVVdekm 2ApuLDPd6LLgxmUF+ 4BOKZnMnWloJhmSjFK GfoUbf8WNC0Xcijv/x vQhaOuBwOGce7i5J0 g508Z1v5yV1bX1jc3C VnF7Z3dvv3Rw2NIyU xSaVHKpOgHRwJmApmG GQydVQJKAQzsYXk389 h0ozaS4NaMUegmJBY sYJcZK/dK5H0DMRE5B GFBjXPG5FLFi8cAQp eR9peiDCH/sfqnsVt0 p8DLx5qSM5mj0S59+K GmW2DjlROuu56amlx NlGOUwLvqZhpTQIYmh a6kgCehePj1rjE+tE uJIKvuEwVP1dyInida jJLCTCTEDvehNxP+8b maiy17ORJoZEHS2KM o4NhJPOsIhU0ANH1lC qGL2r5gOiCLUdqCLt gRv8eRl0qpVPbfq3dT K9dq8jgI6RifoDHnoA tXRNWqgJqLoAT2hF/ TqPDrPzpvzPhtdceaZ I/QHzsc3VEugCA==< /latexit><latexit sha1_base64="2OdrF uT0JqDVwIwOaByh+no 0tP0=">AAACFnicbV DLSgMxFM34rPVVdekm 2ApuLDPd6LLgxmUF+ 4BOKZnMnWloJhmSjFK GfoUbf8WNC0Xcijv/x vQhaOuBwOGce7i5J0 g508Z1v5yV1bX1jc3C VnF7Z3dvv3Rw2NIyU xSaVHKpOgHRwJmApmG GQydVQJKAQzsYXk389 h0ozaS4NaMUegmJBY sYJcZK/dK5H0DMRE5B GFBjXPG5FLFi8cAQp eR9peiDCH/sfqnsVt0 p8DLx5qSM5mj0S59+K GmW2DjlROuu56amlx NlGOUwLvqZhpTQIYmh a6kgCehePj1rjE+tE uJIKvuEwVP1dyInida jJLCTCTEDvehNxP+8b maiy17ORJoZEHS2KM o4NhJPOsIhU0ANH1lC qGL2r5gOiCLUdqCLt gRv8eRl0qpVPbfq3dT K9dq8jgI6RifoDHnoA tXRNWqgJqLoAT2hF/ TqPDrPzpvzPhtdceaZ I/QHzsc3VEugCA==< /latexit><latexit sha1_base64="2OdrF uT0JqDVwIwOaByh+no 0tP0=">AAACFnicbV DLSgMxFM34rPVVdekm 2ApuLDPd6LLgxmUF+ 4BOKZnMnWloJhmSjFK GfoUbf8WNC0Xcijv/x vQhaOuBwOGce7i5J0 g508Z1v5yV1bX1jc3C VnF7Z3dvv3Rw2NIyU xSaVHKpOgHRwJmApmG GQydVQJKAQzsYXk389 h0ozaS4NaMUegmJBY sYJcZK/dK5H0DMRE5B GFBjXPG5FLFi8cAQp eR9peiDCH/sfqnsVt0 p8DLx5qSM5mj0S59+K GmW2DjlROuu56amlx NlGOUwLvqZhpTQIYmh a6kgCehePj1rjE+tE uJIKvuEwVP1dyInida jJLCTCTEDvehNxP+8b maiy17ORJoZEHS2KM o4NhJPOsIhU0ANH1lC qGL2r5gOiCLUdqCLt gRv8eRl0qpVPbfq3dT K9dq8jgI6RifoDHnoA tXRNWqgJqLoAT2hF/ TqPDrPzpvzPhtdceaZ I/QHzsc3VEugCA==< /latexit><latexit sha1_base64="2OdrF uT0JqDVwIwOaByh+no 0tP0=">AAACFnicbV DLSgMxFM34rPVVdekm 2ApuLDPd6LLgxmUF+ 4BOKZnMnWloJhmSjFK GfoUbf8WNC0Xcijv/x vQhaOuBwOGce7i5J0 g508Z1v5yV1bX1jc3C VnF7Z3dvv3Rw2NIyU xSaVHKpOgHRwJmApmG GQydVQJKAQzsYXk389 h0ozaS4NaMUegmJBY sYJcZK/dK5H0DMRE5B GFBjXPG5FLFi8cAQp eR9peiDCH/sfqnsVt0 p8DLx5qSM5mj0S59+K GmW2DjlROuu56amlx NlGOUwLvqZhpTQIYmh a6kgCehePj1rjE+tE uJIKvuEwVP1dyInida jJLCTCTEDvehNxP+8b maiy17ORJoZEHS2KM o4NhJPOsIhU0ANH1lC qGL2r5gOiCLUdqCLt gRv8eRl0qpVPbfq3dT K9dq8jgI6RifoDHnoA tXRNWqgJqLoAT2hF/ TqPDrPzpvzPhtdceaZ I/QHzsc3VEugCA==< /latexit>
Manifold M
with branching
structure
<latexit sha1_base64="fQ8c 6ogMiP3SThdzg7xFEzpnV8M=">AAACMHicbVDLSsNAFJ34rPFVd elmsAquStKNLgUXuhEq2Co0pUwmN+3gZBJmbpQS+klu/BTdKCji 1q9w0lbwdWDgcM493LknzKQw6HnPzszs3PzCYmXJXV5ZXVuvbm y2TZprDi2eylRfhcyAFApaKFDCVaaBJaGEy/D6uPQvb0AbkaoLH GbQTVhfiVhwhlbqVU+CEPpCFRwUgh7RM2bdVEZ092yXBoF7K3BA Q80UHwjVLxWDOueYa3ADUNFXsFeteXVvDPqX+FNSI1M0e9WHIEp 5ntg4l8yYju9l2C2YRsEljNwgN5Axfs360LFUsQRMtxgfPKJ7Vo lonGr7FNKx+j1RsMSYYRLayYThwPz2SvE/r5NjfNgthMpyBMUni +JcUkxp2R6NhAaOcmgJ41rYv1I+YJpx24FxbQn+75P/knaj7nt1 /7xRO2pM66iQbbJD9olPDsgROSVN0iKc3JFH8kJenXvnyXlz3i ejM840s0V+wPn4BAgVqYs=</latexit><latexit sha1_base64="fQ8c 6ogMiP3SThdzg7xFEzpnV8M=">AAACMHicbVDLSsNAFJ34rPFVd elmsAquStKNLgUXuhEq2Co0pUwmN+3gZBJmbpQS+klu/BTdKCji 1q9w0lbwdWDgcM493LknzKQw6HnPzszs3PzCYmXJXV5ZXVuvbm y2TZprDi2eylRfhcyAFApaKFDCVaaBJaGEy/D6uPQvb0AbkaoLH GbQTVhfiVhwhlbqVU+CEPpCFRwUgh7RM2bdVEZ092yXBoF7K3BA Q80UHwjVLxWDOueYa3ADUNFXsFeteXVvDPqX+FNSI1M0e9WHIEp 5ntg4l8yYju9l2C2YRsEljNwgN5Axfs360LFUsQRMtxgfPKJ7Vo lonGr7FNKx+j1RsMSYYRLayYThwPz2SvE/r5NjfNgthMpyBMUni +JcUkxp2R6NhAaOcmgJ41rYv1I+YJpx24FxbQn+75P/knaj7nt1 /7xRO2pM66iQbbJD9olPDsgROSVN0iKc3JFH8kJenXvnyXlz3i ejM840s0V+wPn4BAgVqYs=</latexit><latexit sha1_base64="fQ8c 6ogMiP3SThdzg7xFEzpnV8M=">AAACMHicbVDLSsNAFJ34rPFVd elmsAquStKNLgUXuhEq2Co0pUwmN+3gZBJmbpQS+klu/BTdKCji 1q9w0lbwdWDgcM493LknzKQw6HnPzszs3PzCYmXJXV5ZXVuvbm y2TZprDi2eylRfhcyAFApaKFDCVaaBJaGEy/D6uPQvb0AbkaoLH GbQTVhfiVhwhlbqVU+CEPpCFRwUgh7RM2bdVEZ092yXBoF7K3BA Q80UHwjVLxWDOueYa3ADUNFXsFeteXVvDPqX+FNSI1M0e9WHIEp 5ntg4l8yYju9l2C2YRsEljNwgN5Axfs360LFUsQRMtxgfPKJ7Vo lonGr7FNKx+j1RsMSYYRLayYThwPz2SvE/r5NjfNgthMpyBMUni +JcUkxp2R6NhAaOcmgJ41rYv1I+YJpx24FxbQn+75P/knaj7nt1 /7xRO2pM66iQbbJD9olPDsgROSVN0iKc3JFH8kJenXvnyXlz3i ejM840s0V+wPn4BAgVqYs=</latexit><latexit sha1_base64="fQ8c 6ogMiP3SThdzg7xFEzpnV8M=">AAACMHicbVDLSsNAFJ34rPFVd elmsAquStKNLgUXuhEq2Co0pUwmN+3gZBJmbpQS+klu/BTdKCji 1q9w0lbwdWDgcM493LknzKQw6HnPzszs3PzCYmXJXV5ZXVuvbm y2TZprDi2eylRfhcyAFApaKFDCVaaBJaGEy/D6uPQvb0AbkaoLH GbQTVhfiVhwhlbqVU+CEPpCFRwUgh7RM2bdVEZ092yXBoF7K3BA Q80UHwjVLxWDOueYa3ADUNFXsFeteXVvDPqX+FNSI1M0e9WHIEp 5ntg4l8yYju9l2C2YRsEljNwgN5Axfs360LFUsQRMtxgfPKJ7Vo lonGr7FNKx+j1RsMSYYRLayYThwPz2SvE/r5NjfNgthMpyBMUni +JcUkxp2R6NhAaOcmgJ41rYv1I+YJpx24FxbQn+75P/knaj7nt1 /7xRO2pM66iQbbJD9olPDsgROSVN0iKc3JFH8kJenXvnyXlz3i ejM840s0V+wPn4BAgVqYs=</latexit>
Gauging Z2 ⇢ G˜
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FIG. 1. Our construction of a fermionic SPT Hamiltonian begins with the input of supercohomology data and a choice of
manifold M with branching structure. This data is used to build an auxiliary bosonic SPT protected by a G˜ symmetry. Then
we gauge the Z2 subgroup of G˜ to obtain the bosonic shadow model - a G symmetry enriched toric code. Finally, with a choice
of spin structure, we fermionize the bosonic shadow model to arrive at the G protected fermionic SPT.
depth quantum circuits of local unitaries19 [20], which
build the fermionic SPT ground states from a trivial
product state. Access to these finite depth circuits has
several benefits. First, they give us explicit representa-
tions of the corresponding ground states in terms of G
domain models decorated with fermions (as opposed to
ground state wave functions that are only defined implic-
itly via constraints). Second, we show that composing
these circuits is equivalent to stacking the corresponding
fermionic SPT phases, allowing us to extract the stacking
group law for supercohomology data just by multiplying
circuits. Third, we show that equivalent group super-
cohomology data gives rise to circuits that differ by a
product of symmetric local unitaries, and hence corre-
spond to the same phase. Conversely, by bosonizing our
models and using well established classification results for
bosonic symmetry enriched toric code phases [10, 21, and
22], we show that inequivalent group supercohomology
data always lead to inequivalent phases.
An intriguing feature of the finite depth circuit that
builds our supercohomology fermionic SPT ground state
is that, as a unitary operator, it is G-symmetric. This is
despite the fact that, when the SPT phase in question is
nontrivial, the local unitaries that make it up cannot all
be individually G-symmetric. This is a property that the
supercohomology models share with bosonic group coho-
mology models, but not with the so-called ‘beyond group
cohomology’ models (see e.g. appendix C of Ref. [23]).
One consequence of this property is that the supercoho-
mology phases can be many-body localized [24–30]. This
is done by disordering the couplings in a trivial commut-
ing projector parent Hamiltonian for the trivial product
state and then conjugating by the circuit.
The rest of this paper is structured as follows. In
section II, we focus on the construction of the bosonic
shadow model described in steps (i) and (ii) above. In
section III, we review the bosonization duality of Ref.
[15] and complete step (iii) of our construction. In sec-
tion IV, we study the group structure of fermionic SPT
phases using the finite depth circuits that build their
FIG. 2. All of the models constructed in this paper may be
defined on an arbitrary triangulation of an orientable 2d man-
ifold with a branching structure. Note that a triangulation is
a planar graph in which all faces are triangular. Also, recall
that a branching structure is an assignment of an orientation
to each link such that there are no cycles around any of the
triangles.
ground states. In particular, we derive a notion of equiva-
lence of group supercohomology data (in agreement with
Ref. [3, 7, and 9]) such that equivalent data gives rise to
models in the same phase and inequivalent data necessar-
ily yields inequivalent phases. We conclude in section V
with some comments about many-body localizability for
our models, possible future extensions of our work, and
comparisons with other work. Throughout the paper we
illustrate our results for the simple case of G = Z2 (i.e.
total symmetry Z2×Zf2). In Appendices A-F, we provide
detailed derivations of the results in the main text.
As we were completing this work, we learned of a
related preprint by N. Tantivasadakarn and A. Vish-
wanath [31], which also constructs a many-body localiz-
able model for the Z2×Zf2 group supercohomology SPT.
4II. BOSONIC SHADOW MODEL FROM GROUP
SUPERCOHOMOLOGY DATA
In this section we will show how to use group super-
cohomology data associated to a finite group G to con-
struct a purely bosonic Hamiltonian lattice model, which,
in agreement with Ref. [3], we refer to as the shadow
model. The model is defined on a triangulation of a 2d
manifold - i.e. a planar graph consisting of vertices p and
links 〈pq〉, all of whose faces are triangular - with branch-
ing structure (FIG. 2). Recall that a branching structure
is an assignment of an orientation to each link with the
property that there are no cycles around any triangle.
The notation 〈pq〉 always denotes a link oriented from p
to q. The Hilbert space will consist of generalized G-spin
degrees of freedom |gp〉 at vertices p and spin- 12 degrees
of freedom on links 〈pq〉, with Pauli algebra generated by
Xˆpq, Zˆpq (see FIG. 3).
Before delving into the construction of the shadow
model Hamiltonian, let us first provide some intuition for
why a bosonic model built on such a Hilbert space can
encode the physics of a fermionic SPT. This intuition is
based on interpreting the spin- 12 link degrees of freedom
as the Hilbert space of the usual commuting projector
toric code Hamiltonian:
Hˆt.c. = −
∑
p
∏
〈st〉3p
Xˆst −
∑
〈pqr〉
ZˆpqZˆqrZˆpr, (1)
where the product in the first sum above is over all ori-
ented links 〈st〉 that contain the vertex p (i.e. either s = p
or t = p). A basis for this toric code Hilbert space can be
obtained by specifying, for each basis state, the locations
of all the vertex (‘e’) and triangular plaquette (‘m’) exci-
tations, which are violations of the first and second terms
in (1), respectively. The key idea is that the bound state
of an e and an m excitation is a fermion, so a fermionic
Hilbert space can effectively be constructed by restrict-
ing to the subspace where all of the e excitations have
been bound up with m excitations into fermions.
Because the e excitations live on vertices and the m
excitations live on plaquettes, there is some arbitrariness
in defining their fermionic bound state. This arbitrari-
ness can be resolved by using the branching structure.
Following Ref. [15], we define a fermion on triangle 〈pqr〉
to be the bound state of an m excitation on 〈pqr〉 with
an e excitation on its first vertex p. Here the ordering
p, q, r of the vertices is specified uniquely by the branch-
ing structure (see FIG 4). The condition that all the e
excitations have been bound up with m excitations into
fermions in this way can then be stated as follows. At
each vertex p, the Z2 charge (i.e. number of e excitations
modulo 2) measured at p must be equal to the total Z2
flux (i.e. number of m excitations modulo 2) on all tri-
angles 〈pqr〉 for which p is the first vertex according to
the branching structure. Defining
Wˆpqr ≡ ZˆpqZˆqrZˆpr (2)
q
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FIG. 3. The bosonic shadow model is defined on a Hilbert
space with generalized G-spin degrees of freedom at vertices
and spin- 1
2
degrees of freedom on links. This gives the total
Hilbert space:
(⊗
p C
|G|
p
)
⊗
(⊗
〈pq〉 C
2
pq
)
. A basis is given
by configuration states |{gp}, {Zpq}〉, i.e. product states for
which gp ∈ G is chosen for each vertex p and Zpq = ±1 is
chosen for each link 〈pq〉.
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FIG. 4. The vertices around a triangle are ordered by the
number of links pointing towards the vertex. opqr is −1 or
+1 depending on the orientation of the triangle relative to a
choice of orientation for the manifold.
to be the operator that measures the Z2 flux on 〈pqr〉,
this is then just the condition that the state be in the +1
eigenspace of each operator
Gˆp ≡
∏
〈tqr〉
t=p
Wˆtqr
∏
〈st〉3p
Xˆst. (3)
The first product above is over all triangles whose first
vertex is p. We thus expect that the shadow model
Hamiltonian will commute with all of the Gˆp and that
its ground states will lie in the +1 eigenspace of each
Gˆp. Because of the second product in (3), Gˆp resembles
a Gauss’s law constraint. In accordance with Ref. [15],
we will refer to it as a ‘modified Gauss’s law’.
Our construction of the shadow model Hamiltonian
proceeds in two steps. First, we use group supercoho-
mology data to construct an auxiliary bosonic SPT, with
an enlarged symmetry group G˜ equal to a certain Z2 ex-
tension of G. Second, we gauge the global Z2 subgroup
of G˜ in this auxiliary bosonic SPT to end up with our de-
sired bosonic shadow model. Again, we emphasize that
because all of these constructions are bosonic, the spin
structure does not enter into them at all. To begin, we
briefly review group supercohomology.
5A. Group supercohomology data
For a finite group G, group supercohomology data
consists of a pair (n, ν), where n : G × G × G → Z2
is a Z2 valued function of 3 group variables, and
ν : G ×G ×G ×G → U(1) is a U(1) valued function of
4 group variables, satisfying the following two properties:
1) n is a homogeneous cocycle, where homogeneity means
n(gg0, gg1, gg2) = n(g0, g1, g2) (4)
for all g, and the cocycle property is32
δn = 0. (5)
2) ν is homogeneous, i.e.
ν(gg0, gg1, gg2, gg3) = ν(g0, g1, g2, g3), (6)
for all g and satisfies
δν(g0, g1, g2, g3, g4) = (−1)n(g0,g1,g2)n(g2,g3,g4). (7)
Just as for ordinary group cocycles, there is an equiva-
lence relation on group supercohomology data. Rather
than defining it now, we will postpone the discussion of
this equivalence relation to section IV C, where we iden-
tify it through physical arguments. Group supercoho-
mology classes will then be defined as equivalence classes
of group supercohomology data modulo this relation.
For convenience, in our constructions below, we will
always take n to be a normalized cocycle. This is to say,
we choose n such that
n(g, g, h) = n(g, h, h) = 0 (8)
for all g, h. There is no loss of generality in restricting
to normalized cocycles, because each equivalence class of
group supercohomology data has a representative (n, ν)
with n normalized.
B. Auxiliary bosonic SPT
The auxiliary bosonic SPT is again defined on a trian-
gulation of an orientable two dimensional spatial mani-
fold M together with a branching structure. The sym-
metry group G˜ of the auxiliary bosonic SPT is the Z2
extension of G determined by n. Explicitly, G˜ consists of
2|G| elements g(m), where g ∈ G and m ∈ Z2 = {0, 1},
obeying the group law:
g(m)h(`) = (gh)(m+`+n(1,g,gh)). (9)
The degrees of freedom in the auxiliary model are gen-
eralized G˜-spins
∣∣g(mp)p 〉 living on the vertices of the tri-
angulation, and the standard bosonic SPT construction
of Ref. [1] allows us to write down the following SPT
r
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q
<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>
|g(mp)p i
<latexit sha1_base64="A/DENXpCDiuqg+18dVWrxxngHDc=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIoMuiG5cV7APaccikmTY0yYQkIwxj/RU3LhRx64e4829M21lo64 ELh3Pu5d57IsmoNp737aysrq1vbJa2yts7u3v77sFhWyepwqSFE5aoboQ0YVSQlqGGka5UBPGIkU40vp76nQeiNE3EnckkCTgaChpTjIyVQrfyOLzPazyUp5NQ9hUSQ0ZCt+rVvRngMvELUgUFmqH71R8kOOVEGMyQ1j3fkybIkTIUMzIp91NNJMJjNCQ9SwXiRAf57PgJPLHKAMaJsiUMnKm/J3LEtc54ZDs5MiO96E3F/7xeauLLIKdCpoYIPF8UpwyaBE6TgAOqCDYss wRhRe2tEI+QQtjYvMo2BH/x5WXSPqv7Xt2/Pa82roo4SuAIHIMa8MEFaIAb0AQtgEEGnsEreHOenBfn3fmYt644xUwF/IHz+QPBUJTT</latexit><latexit sha1_base64="A/DENXpCDiuqg+18dVWrxxngHDc=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIoMuiG5cV7APaccikmTY0yYQkIwxj/RU3LhRx64e4829M21lo64 ELh3Pu5d57IsmoNp737aysrq1vbJa2yts7u3v77sFhWyepwqSFE5aoboQ0YVSQlqGGka5UBPGIkU40vp76nQeiNE3EnckkCTgaChpTjIyVQrfyOLzPazyUp5NQ9hUSQ0ZCt+rVvRngMvELUgUFmqH71R8kOOVEGMyQ1j3fkybIkTIUMzIp91NNJMJjNCQ9SwXiRAf57PgJPLHKAMaJsiUMnKm/J3LEtc54ZDs5MiO96E3F/7xeauLLIKdCpoYIPF8UpwyaBE6TgAOqCDYss wRhRe2tEI+QQtjYvMo2BH/x5WXSPqv7Xt2/Pa82roo4SuAIHIMa8MEFaIAb0AQtgEEGnsEreHOenBfn3fmYt644xUwF/IHz+QPBUJTT</latexit><latexit sha1_base64="A/DENXpCDiuqg+18dVWrxxngHDc=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIoMuiG5cV7APaccikmTY0yYQkIwxj/RU3LhRx64e4829M21lo64 ELh3Pu5d57IsmoNp737aysrq1vbJa2yts7u3v77sFhWyepwqSFE5aoboQ0YVSQlqGGka5UBPGIkU40vp76nQeiNE3EnckkCTgaChpTjIyVQrfyOLzPazyUp5NQ9hUSQ0ZCt+rVvRngMvELUgUFmqH71R8kOOVEGMyQ1j3fkybIkTIUMzIp91NNJMJjNCQ9SwXiRAf57PgJPLHKAMaJsiUMnKm/J3LEtc54ZDs5MiO96E3F/7xeauLLIKdCpoYIPF8UpwyaBE6TgAOqCDYss wRhRe2tEI+QQtjYvMo2BH/x5WXSPqv7Xt2/Pa82roo4SuAIHIMa8MEFaIAb0AQtgEEGnsEreHOenBfn3fmYt644xUwF/IHz+QPBUJTT</latexit><latexit sha1_base64="A/DENXpCDiuqg+18dVWrxxngHDc=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIoMuiG5cV7APaccikmTY0yYQkIwxj/RU3LhRx64e4829M21lo64 ELh3Pu5d57IsmoNp737aysrq1vbJa2yts7u3v77sFhWyepwqSFE5aoboQ0YVSQlqGGka5UBPGIkU40vp76nQeiNE3EnckkCTgaChpTjIyVQrfyOLzPazyUp5NQ9hUSQ0ZCt+rVvRngMvELUgUFmqH71R8kOOVEGMyQ1j3fkybIkTIUMzIp91NNJMJjNCQ9SwXiRAf57PgJPLHKAMaJsiUMnKm/J3LEtc54ZDs5MiO96E3F/7xeauLLIKdCpoYIPF8UpwyaBE6TgAOqCDYss wRhRe2tEI+QQtjYvMo2BH/x5WXSPqv7Xt2/Pa82roo4SuAIHIMa8MEFaIAb0AQtgEEGnsEreHOenBfn3fmYt644xUwF/IHz+QPBUJTT</latexit>
|g(mr)r i<latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbD wQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG 29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0Z+MG6YrAks0LOtI2KY9oaka7I8=">AAAB8XicbZA7T8MwFIVveJZSIMDIYlEhlaVKWGBEYmEsEn1IbYgc10mt2k5kO0hRKH+FhQGE+DNs/BvcxwAtR 7L06Rxb9/pEGWfaeN63s7a+sbm1Xdmp7tb29g/cw1pHp7kitE1SnqpehDXlTNK2YYbTXqYoFhGn3Wh8M827j1Rplsp7U2Q0EDiRLGYEG2uF7vFT8lA2RKjOJ6EaKCwTTkO37jW9mdAq+Auow0Kt0P0aDFOSCyoN4Vjrvu9lJiixMoxwOqkOck0zTMY4oX2LEguqg3K2/ASdWWeI4lTZIw2aub9flFhoXYjI3hTYjPRyNjX/y/q5ia+CksksN1SS+aA458ikaNoEGjJFi eGFBUwUs7siMsIKE2P7qtoS/OUvr0Lnoul7Tf/OgwqcwCk0wIdLuIZbaEEbCBTwAm/w7jw7r87HvK41Z9HbEfyR8/kDYA2TcA==</latexit><latexit sha1_base64="0Z+MG6YrAks0LOtI2KY9oaka7I8=">AAAB8XicbZA7T8MwFIVveJZSIMDIYlEhlaVKWGBEYmEsEn1IbYgc10mt2k5kO0hRKH+FhQGE+DNs/BvcxwAtR 7L06Rxb9/pEGWfaeN63s7a+sbm1Xdmp7tb29g/cw1pHp7kitE1SnqpehDXlTNK2YYbTXqYoFhGn3Wh8M827j1Rplsp7U2Q0EDiRLGYEG2uF7vFT8lA2RKjOJ6EaKCwTTkO37jW9mdAq+Auow0Kt0P0aDFOSCyoN4Vjrvu9lJiixMoxwOqkOck0zTMY4oX2LEguqg3K2/ASdWWeI4lTZIw2aub9flFhoXYjI3hTYjPRyNjX/y/q5ia+CksksN1SS+aA458ikaNoEGjJFi eGFBUwUs7siMsIKE2P7qtoS/OUvr0Lnoul7Tf/OgwqcwCk0wIdLuIZbaEEbCBTwAm/w7jw7r87HvK41Z9HbEfyR8/kDYA2TcA==</latexit><latexit sha1_base64="jd2jhCyuJ/1cYOUHYAfyJcHCDqg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZTEix6LXjxWsB/Q1rDZbtKlm03Y3Qgh1r/ixYMiXv0h3vw3btsct PXBwOO9GWbm+QlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjjopTSWibxDyWPR8rypmgbc00p71EUhz5nHb9yfXM7z5QqVgs7nSW0GGEQ8ECRrA2kmdXH8P7vB558mzqyYHEIuTUs2tOw5kDrRK3IDUo0PLsr8EoJmlEhSYcK9V3nUQPcyw1I5xOK4NU0QSTCQ5p31CBI6qG+fz4KTo1yggFsTQlNJqrvydyHCmVRb7pjLAeq2VvJv7n9VMdXA5zJpJUU0EWi4KUIx2jWRJox CQlmmeGYCKZuRWRMZaYaJNXxYTgLr+8SjrnDddpuLdOrXlVxFGGYziBOrhwAU24gRa0gUAGz/AKb9aT9WK9Wx+L1pJVzFThD6zPH8ZElNM=</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit><latexit sha1_base64="tAu+EUfq4Zo2lfTKfa3IJSSMUUU=">AAAB/HicbVBNS8NAEN34WetXtEcvi0Wol5KIoMeiF48V7Ae0MWy2k3bpZhN2N0KI9a948aCIV3+IN/+N2zYHb X0w8Hhvhpl5QcKZ0o7zba2srq1vbJa2yts7u3v79sFhW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATj66nfeQCpWCzudJaAF5GhYCGjRBvJtyuPw/u8FvnydOLLviRiyMG3q07dmQEvE7cgVVSg6dtf/UFM0wiEppwo1XOdRHs5kZpRDpNyP1WQEDomQ+gZKkgEystnx0/wiVEGOIylKaHxTP09kZNIqSwKTGdE9EgtelPxP6+X6vDSy5lIUg2CzheFKcc6xtMk8IBJo JpnhhAqmbkV0xGRhGqTV9mE4C6+vEzaZ3XXqbu359XGVRFHCR2hY1RDLrpADXSDmqiFKMrQM3pFb9aT9WK9Wx/z1hWrmKmgP7A+fwDHhJTX</latexit>
FIG. 5. The auxiliary bosonic SPT has G˜ degrees of free-
dom at each vertex. Specifically, at each vertex, we attach
a Hilbert space C|G˜| with a basis labeled by elements of G˜.
A natural basis for the total Hilbert space
⊗
p C
|G˜|
p is then a
set of product states for which at each vertex an element of
G˜ is chosen. We refer to this basis of product states as the
configuration basis. An arbitrary element of the configuration
basis may be written as
∣∣{g(mp)p }〉.
ground state wave function in the
{
g
(mp)
p
}
configuration
basis:
ΨSPT
({
g(mp)p
})
=
〈{g(mp)p }∣∣ΨSPT〉 = (10)
=
∏
〈pqr〉
α
(
g(mp)p , g
(mq)
q , g
(mr)
r , 1
)opqr
.
Here, as below, we do not keep track of the irrelevant
overall normalization factor of the ground state wave
function. The product in (10) is over ordered triangles
〈pqr〉, with the ordering determined by the branching
structure. opqr is +1 if the orientation of the triangle
〈pqr〉 is aligned with the orientation of the manifold and
−1 otherwise (see FIG. 4). Finally, α is defined in terms
of the group supercohomology data as [3]:
α
(
g
(m0)
0 , g
(m1)
1 , g
(m2)
2 , g
(m3)
3
) ≡ (11)
ν(g0, g1, g2, g3)(−1)
((
g
(m0)
0
)−1
g
(m1)
1
)
n(g1,g2,g3),
where we have defined the projector

(
g(m)
) ≡ m. (12)
One can explicitly verify that α is homogenous and a co-
cycle (δα = 0) by using equations (4) and (6) along with
the group law (9) of G˜, as well as the normalization prop-
erty (8). Thus (10) is a bosonic SPT ground state. The
seemingly complicated cocycle α is designed to produce
a shadow model wave function that lies in the Gˆp = +1
Hilbert space, as we will see in the next subsection.
C. Bosonic shadow model wave function
We now construct the bosonic shadow model by gaug-
ing the Z2 subgroup of G˜ in the auxiliary bosonic SPT.
This is done in the standard way by introducing a lattice
6Z2 gauge field µzpq = ±1 and performing the usual mini-
mal coupling procedure [2], so we relegate the details to
Appendix A. A complete set of commuting gauge invari-
ant observables in the resulting gauge theory is given by
{gp, Zpq}, where gp is the G component of the G˜ degree
of freedom g
(mp)
p at vertex p, and
Zpq = µ
z
pq(−1)
((
g
(mp)
p
)−1
g
(mq)
q
)
(13)
can be thought of as the Z2 part of the lattice gauge
covariant derivative of the G˜ ‘matter’ fields. We explic-
itly demonstrate in Appendix A that this gauge theory
Hilbert space is isomorphic, via a duality transformation,
to the unconstrained Hilbert space of generalized G-spin
degrees of freedom |gp〉 at vertices p and spin-1/2 degrees
of freedom on links 〈pq〉, with Pauli algebra generated by
Xˆpq, Zˆpq.
A ground state wave function Ψb of the gauged theory
can be obtained by setting the amplitude Ψb({gp, Zpq})
of any configuration {gp, Zpq} equal to ΨSPT
({
g
(mp)
p
})
if
there exists
{
g
(mp)
p
}
for which
Zpq = (−1)
((
g
(mp)
p
)−1
g
(mq)
q
)
= (−1)mp+mq+n(1,gp,gq)
(14)
and zero otherwise (see FIG. 6 and 7 for an example).
Such
{
g
(mp)
p
}
, if it exists, is ambiguous only up to a global
Z2 transformation, i.e. a shift mp → mp + 1,33 and since
ΨSPT is invariant under this shift, Ψb is well defined.
Explicitly,
Ψb ({gp, Zpq}) = (15)∏
〈pqr〉
ν(gp, gq, gr, 1)
opqrZn(gq,gr,1)pq
×
∏
〈pqr〉
δZpqZqrZpr,(−1)n(gp,gq,gr)
h({Zpq(−1)n(1,gp,gq)}),
as can be verified by observing that we recover the auxil-
iary bosonic SPT ground state wave function amplitude
by inserting (14) in (15). Again, we do not keep track of
the irrelevant overall normalization of the wave function.
The function h({Zpq(−1)n(1,gp,gq)}) = 0, 1 is a constraint
that enforces trivial µz-holonomy around each topologi-
cally nontrivial cycle in the geometry. Specifically, it is
equal to a product of delta functions over all nontrivial
cycles, which enforce the constraint that the product of
Zpq(−1)n(1,gp,gq) along the links of the cycle is equal to
1. These holonomy constraints, together with the delta
functions in (15), ensure that the amplitude of a given
configuration {gp, Zpq} is nonzero if and only if there ex-
ists
{
g
(mp)
p
}
satisfying (14). Once we write down a par-
ent Hamiltonian for Ψb, we will have other ground states,
which will all be of the form (15) except with nontrivial
holonomy constraints.
Because it comes from gauging a global Z2 symme-
try in a short range entangled state, the shadow model
wave function Ψb describes a toric code topological or-
der. Furthermore, since ΨSPT is G˜ symmetric, Ψb is G
symmetric, and hence the shadow model wave function
describes a G-symmetry enriched toric code. One can
also explicitly check that
Gˆp|Ψb〉 = |Ψb〉 (16)
for all p, so that |Ψb〉 contains only fermion excitations,
without any unbound e excitations or m excitations, in
the sense defined above. We will also verify (16) below by
writing down a finite depth circuit of local unitaries which
commutes with all of the Gˆp, and constructs Ψb from a
state which trivially lies in the Gˆp = +1 eigenspace of
each Gˆp.
D. Bosonic shadow model Hamiltonian from a
finite depth circuit
Our ultimate aim is to use the fermionization duality
of Ref. [15] to turn the bosonic shadow model wave func-
tion into the ground state of a fermionic SPT. However,
as this fermionization duality is defined at the level of
local operators, we must first write down a local parent
Hamiltonian for |Ψb〉 on which we can apply the duality.
One way to obtain such a parent Hamiltonian is to
simply start with the form of the bosonic G˜ SPT par-
ent Hamiltonian written down in Ref. [1] and directly
couple it to a lattice Z2 gauge field. We outline this ap-
proach in appendix A, but for our purposes, we will find
it more useful to construct a different parent Hamiltonian
for |Ψb〉.
Our choice of parent Hamiltonian is based on the in-
sight that |Ψb〉, as defined by the wavefunction in (15),
can be obtained by applying an appropriate finite depth
circuit of local unitaries to a ground state of the following
Hamiltonian, which describes a trivial generalized G-spin
paramagnet and a decoupled copy of the toric code:
Hˆ0b = −
∑
p
Pˆ symp −
∑
p
∏
〈st〉3p
Xˆst −
∑
〈pqr〉
Wˆpqr. (17)
Here, Pˆ symp is the projector onto the symmetric state
1√
|G|
∑
gp∈G |gp〉 at vertex p tensored with the identity
on the remaining sites, and Wˆpqr, which was defined in
(2), measures the Z2 flux on 〈pqr〉. One ground state of
(17) is
Ψt.c.({gp, Zpq}) =
∏
〈pqr〉
δZpqZqrZpr,1
h({Zpq}), (18)
where the holonomy constraint h({Zpq}) was defined be-
low (15).
7We now claim that
|Ψb〉 = Uˆb|Ψt.c.〉, (19)
where Uˆb is the following finite depth circuit of local uni-
taries:
Uˆb =
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr . (20)
Here, nˆpq is the operator defined by
nˆpq |{gt}〉 = n(gp, gq, 1)|{gt}〉, (21)
and νˆ
opqr
pqr is given by
νˆopqrpqr |{gt}〉 = ν(gp, gq, gr, 1)opqr |{gt}〉. (22)
To see that |Ψb〉 = Uˆb|Ψt.c.〉, first note that the all of
the configurations appearing with non-zero amplitude in
|Ψt.c.〉 have trivial Z2-flux through all triangles, while the
states in (15) have nontrivial Z2-flux at triangles 〈pqr〉 for
which (−1)n(gp,gq,gr) = −1. This difference is remedied
by the term
∏
〈pq〉 Xˆ
nˆpq
pq in (20). The cocycle condition
δn = 0 guarantees that the nontrivial Z2-fluxes are put
into the correct positions by this term. Second, the term∏
〈pqr〉 νˆ
opqr
pqr Zˆ
nˆqr
pq is simply to ensure that the phases as-
signed to configurations match those in |Ψb〉.
It is proved in Appendix B that Uˆb is nearly G-
symmetric - conjugating it by any global symmetry gen-
erator yields Uˆb multiplied by a product of some Gˆp op-
erators. This property of Uˆb in particular relies on the
term
∏
〈pqr〉 Wˆ
nˆpr
pqr in (20), which may have seemed un-
necessary at first since it acts trivially on the toric code
ground states.
Together with the manifest G and Gˆp invariance of Hˆ
0
b ,
this property of Uˆb implies that
Hˆb = UˆbHˆ
0
bUˆ
†
b , (23)
is a G-symmetric parent Hamiltonian for |Ψb〉. We will
see in section III D that Uˆb also commutes with all Gˆp,
so that the Hˆb does as well. We have thus constructed,
using group supercohomology data, a bosonic shadow
model Hamiltonian that commutes with all of the Gˆp,
and whose ground states all satisfy Gˆp = +1. This
bosonic shadow model describes a G-symmetry enriched
toric code phase.
E. Example: G = Z2
Let us describe the above constructions for the simplest
nontrivial examples of supercohomology phases, which
occur for G = Z2 (i.e. total symmetry group Z2 × Zf2).
In contrast to the case of general G, where we used multi-
plicative notation for the group law, in the case G = Z2,
we will use additive notation and denote Z2 elements by
s = 0, 1.
For G = Z2, there are four inequivalent supercohomol-
ogy classes. Two of these have trivial n and correspond
to the trivial phase and the purely bosonic Z2 SPT. The
other two both have the same nontrivial n:
n(s0, s1, s2) =

1 (s0, s1, s2) = (0, 1, 0)
1 (s0, s1, s2) = (1, 0, 1)
0 otherwise,
(24)
but different ν:
ν±(s0, s1, s2, s3) =

±i (s0, s1, s2, s3) = (1, 0, 1, 0)
±i (s0, s1, s2, s3) = (0, 1, 0, 1)
1 otherwise.
(25)
This data defines two possible phases according to the
choice of sign in (25), which turn out to be the index 2
and 6 members of the Z8 interacting classification in this
symmetry class [34–36]. The Z2 extension of G = Z2
defined by n is G˜ = Z4, and  is (0) = (3) = 0, (1) =
(2) = 1. Explicitly computing the cocycle α defined in
(11), we obtain
α±(s˜0, s˜1, s˜2, s˜3) = (±i)(s˜0−s˜1)(s˜1−s˜2)(s˜2−s˜3), (26)
where s˜ ∈ Z4 and the overline denotes reduction modulo
2.
The corresponding auxiliary Z4 SPT wave function is:
Ψ±SPT({s˜p}) =
∏
〈pqr〉
α±(s˜p, s˜q, s˜r, 0)opqr . (27)
The bosonic shadow Hilbert space has Z2 degrees of free-
dom sp = 0, 1 on vertices p and spin-
1
2 degrees of freedom
Zpq = ±1 on links 〈pq〉. The shadow model ground states
are (see FIG. 6 and 7)
Ψ±b ({sp}, {Zpq}) = (28)∏
〈pqr〉
ν± (sp, sq, sr, 0)
opqr Zn(sq,sr,0)pq
×
∏
〈pqr〉
δ
ZpqZqrZpr,(−1)n(sp,sq,sr)
h({Zpq(−1)n(1,sp,sq)}).
Here, h({Zpq}) = 0, 1 is a function that projects onto a
choice of holonomy of the Z2 gauge field.
Using the explicit form of the supercohomology
data n(sp, sq, 0) = (1 − sp)sq and ν±(sp, sq, sr, 0) =
(±i)sp(1−sq)sr , we see that the circuit (20) becomes
Uˆ±b =
∏
〈pqr〉
(±i)opqr sˆp(1−sˆq)sˆr Zˆ(1−sˆq)sˆrpq (29)
×
∏
〈pq〉
Xˆ(1−sˆp)sˆqpq
∏
〈pqr〉
Wˆ (1−sˆp)sˆrpqr .
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<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>
3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>
3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw= =</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw= =</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw= =</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3Nr eJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw= =</latexit>
(
<latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t>
)
<latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit>
 SPT
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1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9j PDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEd oLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9 WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fF eXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9j PDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEd oLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9 WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fF eXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9j PDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEd oLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9 WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fF eXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9j PDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEd oLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9 WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZ fkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fF eXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDW iZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+ o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDW iZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+ o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDW iZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+ o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDW iZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+ o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
±
b
<latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit>
±
b
<latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit><latex it sha1_ba se64="WMSiL xcQtmxRK4t CpdUfPDS/gX 4=">AAAB+n icbVBNS8NAE N3Ur1q/Uj1 6WSyCp5KIoM eiF48V7Ac0 MWy2m3bpZhN 2J2qJ/SleP Cji1V/izX/j ts1BWx8MPN 6bYWZemAquw XG+rdLK6tr 6RnmzsrW9s 7tnV/fbOskU ZS2aiER1Q6 KZ4JK1gINg3 VQxEoeCdcL R1dTv3DOleS JvYZwyPyYD ySNOCRgpsKt eU/M7L40DD 9gj5OEksGtO 3ZkBLxO3ID VUoBnYX14/o VnMJFBBtO6 5Tgp+ThRwKt ik4mWapYSO yID1DJUkZtr PZ6dP8LFR+ jhKlCkJeKb+ nshJrPU4Dk 1nTGCoF72p+ J/XyyC68HM u0wyYpPNFUS YwJHiaA+5z xSiIsSGEKm5 uxXRIFKFg0 qqYENzFl5dJ +7TuOnX35q zWuCziKKNDd IROkIvOUQN doyZqIYoe0 DN6RW/Wk/Vi vVsf89aSVc wcoD+wPn8Av wSUTg==</l atexit>
±
S
<latexit sha1_base64= "eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVB NS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2 qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZu aFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJsk PJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQty FPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w1 7BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink 6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb 8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl 3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy 6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw 9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</lat exit><latexit sha1_base64= "eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVB NS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2 qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZu aFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJsk PJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQty FPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w1 7BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink 6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb 8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl 3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy 6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw 9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</lat exit><latexit sha1_base64= "eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVB NS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2 qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZu aFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJsk PJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQty FPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w1 7BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink 6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb 8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl 3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy 6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw 9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</lat exit><latexit sha1_base64= "eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVB NS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2 qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZu aFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJsk PJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQty FPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w1 7BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink 6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb 8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl 3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy 6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw 9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</lat exit>
±
S
<latexit sha1_base64="eEEELMDUEgIa+te9BxQi xbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/ SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopF iGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4Rk gsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ /Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0B E6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQi xbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/ SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopF iGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4Rk gsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ /Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0B E6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQi xbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/ SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopF iGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4Rk gsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ /Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0B E6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQi xbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/ SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopF iGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4Rk gsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ /Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0B E6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit>
FIG. 6. Pictured above is an example of the amplitude Ψ±b ({gp}, {Zpq}) for the G = Z2 case with nontrivial n, defined in (28).
Here, the argument of Ψ±b is a particular configuration with a single |0〉 vertex and all other vertices in the |1〉 state. The link
degrees of freedom are |1〉 everywhere besides the three | − 1〉 valued links illustrated in the figure. The ellipses denote the fact
that Ψ±b is dependent on the global configuration despite the fact that we have only shown a local portion of the configuration.
The amplitude Ψ±b ({gp}, {Zpq}) is equivalent to Ψ±SPT
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if there exists
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such that Zpq = (−1)
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for all 〈p 〉. In this example, ith G˜ = Z4, (0) = (3) = 0, and (1) = (2) = 1, two such configurations exist. One has a single
|0〉 vertex with all other vertices |1〉 while the other has a single |2〉 vertex with all other vertices |3〉. These two configurations
differ by the square of the Z4 global symmetry generator, so due to the fact that Ψ±SPT
({
g
(mp)
p
})
is Z4-symmetric, they give
the same amplitude.
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<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9 KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>
(
<latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t><latexit sha1_ base64="eTq1/s9f4/oEOSlTeQS U6pI7d14=">AAAB6HicbVBNS8NAE J3Ur1q/qh69LBahp5KIoMeiF48t 2A9oQ9lsJ+3azSbsboQS+gu8eFD Eqz/Jm//GbZuDtj4YeLw3w8y8IB FcG9f9dgobm1vbO8Xd0t7+weFR+f ikreNUMWyxWMSqG1CNgktsGW4Ed hOFNAoEdoLJ3dzvPKHSPJYPZpqg H9GR5CFn1FipWR2UK27NXYCsEy8 nFcjRGJS/+sOYpRFKwwTVuue5if EzqgxnAmelfqoxoWxCR9izVNIItZ 8tDp2RC6sMSRgrW9KQhfp7IqOR1 tMosJ0RNWO96s3F/7xeasIbP+My SQ1KtlwUpoKYmMy/JkOukBkxtYQ yxe2thI2poszYbEo2BG/15XXSvqx 5bs1rXlXqt3kcRTiDc6iCB9dQh3 toQAsYIDzDK7w5j86L8+58LFsLT j5zCn/gfP4AbPmMrA==</latexi t>
)
<latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZw EB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgT biTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4Ye Lw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyO wNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOp ZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+ xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5 mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8N ecsIjyGP3A+fwCZTY09</latexit>
 SPT
<latexit sha1_base64= "i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVB NS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m 3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZ emAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2a iER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbME mZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV 4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mW YpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJ rPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJn qWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7t O3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s 56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64= "i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVB NS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m 3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZ emAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2a iER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbME mZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV 4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mW YpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJ rPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJn qWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7t O3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s 56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64= "i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVB NS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m 3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZ emAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2a iER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbME mZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV 4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mW YpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJ rPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJn qWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7t O3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s 56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64= "i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVB NS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m 3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZ emAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2a iER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbME mZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV 4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mW YpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJ rPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJn qWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7t O3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s 56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit>
0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO 8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA= =</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO 8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA= =</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO 8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA= =</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO 8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA= =</latexit>
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FIG. 7. Here we show the evaluation of Ψ±b on a specific con-
figuration with one vertex in the |0〉 state and all other ver-
tices, including those not pictured, in the |1〉 state along with
|1〉 states at every link Hilbert space. The amplitude of this
configuration is zero because there is no configuration
{
g
(mp)
p
}
such that (14) is satisfied. This can be seen by the fact that
the product of Zpq around either one of the two shaded trian-
gles is 1 while the product of (−1)
((
g
(mp)
p
)−1
g
(mq)
q
)
around
either of these triangles is (−1)n(gp,gq,gr) = −1.
From this circuit, we obtain the Hamiltonian
Hˆ±b = Uˆ
±
b Hˆ
0
b(Uˆ
±
b )
† (30)
for the gauged model.
For completeness, we note that the global Z2 symmetry
generator in the gauged model acts by
|{sp, Zpq}〉 → |{1− sp, Zpq}〉. (31)
This is just the descendant of the Z4 generator in the Z4
SPT.
III. FERMIONIZING THE SHADOW MODEL
In the previous section, we used the supercohomol-
ogy data to construct a bosonic shadow model Hˆb on
a Hilbert space consisting of generalized G-spin degrees
of freedom on vertices p and spin-12 degrees of freedom on
links 〈pq〉. In this section, we describe how this bosonic
model may be fermionized, i.e. rewritten in terms of lo-
cal fermionic operators. This fermionization is effectively
a procedure for ‘un-gauging’ fermion parity symmetry.
Equivalently, it can be viewed as a prescription for a lat-
tice level fermion condensation (see Appendix D for fur-
ther detail). We emphasize that this is the only point at
which a choice of spin structure enters the construction.
Focusing just on the spin- 12 link degrees of freedom, we
utilize the fermionization prescription developed in Ref.
[15], reviewed in the next three subsections, which pro-
vides an exact duality between the local operator algebra
of a bosonic model and that of a fermionic model. To de-
fine this duality, one must specify some combinatorial
data, which we show amounts to a choice of spin struc-
ture for the spatial manifold M . We will first define the
local bosonic and fermionic operator algebras Abos and
Afer, respectively, and then construct the spin-structure
dependent duality between them. Finally, we apply this
duality to Hˆb to produce our fermionic Hamiltonian Hˆf
and demonstrate that it describes an SPT.
A. Bosonic operator algebra Abos
On the bosonic side, we consider the spin- 12 degrees
of freedom living on links, with Pauli algebra generated
by Xˆpq and Zˆpq. Abos is defined as the operator algebra
generated by the subset of local operators that commute
with all the Gˆp defined in (3):
Gˆp =
∏
〈tqr〉
t=p
ZˆtqZˆqrZˆtr
∏
〈st〉3p
Xˆst (32)
and modulo the relations Gˆp = 1 for all p.
37 Thus we
may think of Abos as the algebra of operators generated
by the subset of local operators which are gauge invariant
with respect to the modified Gauss’s law Gˆp = 1.
We now identify two sets of local, modified Gauss’s law
invariant operators which generate all of Abos [15]. The
9q
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<latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit>
p
<latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit>
r
<latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzM wLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKME x3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzM wLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKME x3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzM wLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKME x3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzM wLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKME x3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit>
Zˆtp
<latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit>
Xˆpq
<latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJ u4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jb Ukjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuT Oi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJ u4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jb Ukjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuT Oi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJ u4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jb Ukjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuT Oi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NA EJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJ u4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jb Ukjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuT Oi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit>
q
<latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh 69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRH QgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6Nelxhc yIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh 69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRH QgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6Nelxhc yIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh 69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRH QgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6Nelxhc yIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh 69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRH QgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6Nelxhc yIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit>t
<latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVB NS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5 PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBB Pjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyT E3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit>
p
<latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv 3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10F OZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit>
r
<latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS 8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6 pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdI nUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgA wOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS 8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6 pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdI nUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgA wOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS 8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6 pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdI nUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgA wOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS 8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6 pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdI nUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgA wOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit>
Zˆtp
<latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB8 3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2 dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5 ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmsw DIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</l atexit>
Xˆpq
<latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKR RvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c0 7OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7 qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKR RvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c0 7OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7 qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKR RvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c0 7OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7 qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8 NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKR RvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c0 7OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7 qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit>
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FIG. 8. The action of Uˆpq on link 〈pq〉 depends on the branch-
ing structure of the neighboring triangles. Xˆpq is always ap-
plied to 〈pq〉, but a Pauli Zˆ acts on the link connecting the
first and second vertex of the neighboring triangle if and only
if 〈pq〉 is the link connecting the second and third vertices of
that triangle.
first is Wˆpqr = ZˆpqZˆqrZˆpr. The second is Uˆpq, defined as:
Uˆpq ≡ XˆpqKˆLpqKˆRpq , (33)
with KˆRpq and KˆLpq defined as follows. The action of
KˆRpq is dependent upon the triangle Rpq to the right of
〈pq〉. If the triangle to the right of 〈pq〉 has vertex or-
dering 〈rpq〉, with p and q being the second and third
vertices, respectively, then KˆRpq acts as Zˆrp. Otherwise,
KˆRpq = 1. The action of KˆLpq is defined similarly but
with ‘right’ replaced with ‘left’. Some examples of the
action of Uˆpq are depicted in FIG. 8. Intuition for this
seemingly contrived definition can be obtained by recall-
ing that the modified Gauss’s law is a constraint that
binds a Z2 flux on a triangle to a Z2 charge at the first
vertex of that triangle. The operator Uˆpq then hops a
Z2 flux across the link 〈pq〉, and also rearranges the Z2
charges in such a way that the modified Gauss’s law re-
mains enforced.
As shown in Ref. [15], the only nontrivial relations
among the Uˆpq and Wˆpqr operators are captured in the
following operator identity. For any vertex p,∏
〈tq〉
t=p
Uˆtq
∏
〈qt〉
t=p
Uˆqt = Gˆp
∏
〈tqr〉
t=p
Wˆtqr
∏
〈qrt〉
t=p
Wˆqrt. (34)
Note that in the first product on the left hand side all
the links are oriented away from p, while in the second
product all the links are oriented towards p.
B. Fermionic operator algebra Afer
On the fermionic side, the degrees of freedom are com-
plex fermions - one at the center of each triangle 〈pqr〉.
FIG. 9. The interpolating vector field lies parallel to the
branching structure for both opqr = +1 and opqr = −1 trian-
gles. There are no singularities of the vector field away from
the vertices.
We use the pair of Majorana operators γpqr and γpqr to
represent the operator algebra for this complex fermion.
The fermion parity at triangle 〈pqr〉 is measured by
(−1)Fˆpqr ≡ −iγpqrγpqr, (35)
and an operator is fermion parity even if it commutes
with
∏
〈pqr〉(−1)Fˆpqr . The algebra Afer of fermion parity
even operators is generated by the (−1)Fˆpqr and a certain
set of ‘hopping operators’, which transfer fermion parity
across a link 〈pq〉. Specifically, we define the hopping
operator
Sˆ′pq ≡ iγLpqγRpq , (36)
where we have again denoted the triangles to the left and
right of 〈pq〉 by Lpq and Rpq, respectively.
The (−1)Fˆpqr and Sˆ′pq satisfy nearly the same alge-
braic relations with each other as do the bosonic opera-
tors Wˆpqr and Uˆpq. The only difference is that (−1)Fˆpqr
and Sˆ′pq satisfy an algebraic relation that is similar to but
not exactly the same as (34) [15]:∏
〈tq〉
t=p
Sˆ′tq
∏
〈qt〉
t=p
Sˆ′qt = c(p)
∏
〈tqr〉
t=p
(−1)Fˆtqr
∏
〈qrt〉
t=p
(−1)Fˆqrt . (37)
In (37), c(p) is a sign factor determined solely by the
branching structure near p. We prove (37) in Appendix
C, where we also derive the following graphical method
for explicitly calculating c(p). First, we interpolate the
branching structure to the interiors of the triangles to
give a continuous non-vanishing vector field [4] V (see
FIG. 9). Singularities in this vector field can occur only
at vertices, and c(p) = −1 if the vertex p has a singularity
with odd winding number and c(p) = 1 otherwise.
C. Spin structure dependent duality between Abos
and Afer
The geometric interpretation of the sign c(p) in (37)
as counting the singularities of a vector field V immedi-
ately points to a possible modification of the operators
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FIG. 10. The red vertices mark singularities of the interpolat-
ing vector field with odd winding numbers, and the red link
gives a choice of E . The green inset shows the interpolating
vector field near a link not belonging to E , while the purple
inset shows the 2pi twist of the vector field near a link in E .
generating Afer that makes Afer manifestly isomorphic
to Abos. To make this modification, first note that there
are an even number of vertices with c(p) = −1.38 Thus,
we can find a set E of links such that the vertices in the
boundary of E (the boundary being defined as the set of
vertices which are endpoints of an odd number of links
in E) are precisely the vertices with c(p) = −1. Then,
we can modify the vector field V by giving it an extra
2pi winding as it crosses a link in E (see FIG. 10). The
result is a new vector field with even singularities only.
It is known that in 2 dimensions a vector field with only
even singularities defines a spin structure [39]. Hence, a
choice of E corresponds to a choice of spin structure.
Having made a choice of E , we now define modified
hopping operators
Sˆpq ≡ (−1)Epq Sˆ′pq (38)
where Epq = 0, 1 is the indicator function for E , i.e. Epq =
1 if 〈pq〉 ∈ E and Epq = 0 otherwise. These modified
operators then satisfy∏
〈tq〉
t=p
Sˆtq
∏
〈qt〉
t=p
Sˆqt =
∏
〈tqr〉
t=p
(−1)Fˆtqr
∏
〈qrt〉
t=p
(−1)Fˆqrt . (39)
Now, comparing with (34), we see that the correspon-
dence given by
Wˆpqr ←→ (−1)Fpqr (40)
Uˆpq ←→ Sˆpq
defines an explicit isomorphism of operator algebras be-
tween Abos and Afer. We emphasize that this correspon-
dence depends on a choice of spin structure, via the choice
of E .
The fermionization duality reviewed here admits an
intuitive description in terms of a ‘condensation of
fermions’. We elaborate on this point in Appendix D.
D. Fermionic SPT Hamiltonian
Let us now use the dictionary given in (40) to rewrite
each local term in the shadow model Hamiltonian
Hˆb = UˆbHˆ
0
bUˆ
†
b , (41)
defined in (23), in terms of local fermionic operators.
This can be carried out by fermionizing Hˆ0b , defined in
(17), and Uˆb, defined in (20), independently. To fermion-
ize Hˆ0b , we first use the definition of Gˆp to rewrite it as
Hˆ0b = −
∑
p
Pˆ symp −
∑
p
(
Gˆp
∏
〈tqr〉
t=p
Wˆtqr
)
−
∑
〈pqr〉
Wˆpqr.
(42)
Then, according to the dictionary in (40), Hˆ0b fermionizes
to
Hˆ0f = −
∑
p
Pˆ symp −
∑
〈pqr〉
(−1)Fˆpqr , (43)
after using the gapped and unfrustrated property of the
Hamiltonian to remove the fermionization of the second
term in (42). This Hamiltonian describes a trivial atomic
insulator, and the unique ground state |Ψ0f 〉 is a prod-
uct state of symmetrized states at the vertices and zero
fermion occupancy on the triangles.
To fermionize Uˆb, we note that the product∏
〈pqr〉
Zˆnˆqrpq
∏
〈pq〉
Xˆ nˆpqpq (44)
in (20) can be rearranged into
κˆ
∏
〈pq〉
Uˆ nˆpqpq . (45)
where κˆ is a certain diagonal operator in the {gp} con-
figuration basis with eigenvalues ±1. The eigenvalue is
locally determined, in that it is a product of signs, each of
which is dependent upon only the G-configuration within
a disk of finite radius around some point. These signs re-
sult from commuting Zˆpq past Xˆpq and hence the eigen-
values are dependent on the choice of ordering of the Uˆpq
operators in (45). Although the operator κˆ is compli-
cated to write out for general G, we note that the lo-
cality property above makes it a finite depth circuit of
local unitaries. Furthermore, we will see below that in
the example G = Z2 the situation simplifies consider-
ably: κˆ is trivial in that case, and all of the terms in
the product in (45) commute. Also, in Appendix E we
present another way of circumventing the issue posed by
the unwieldy form of κˆ, by introducing ancillary spin- 12
degrees of freedom on the triangles. This allows for a
more canonical finite depth circuit that does not require
an arbitrary choice of ordering.
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FIG. 11. The fermionic SPT Hamiltonian acts on a Hilbert
space with generalized G-spin degrees of freedom on vertices
and a single complex fermion degree of freedom for each tri-
angle. Explicitly, the total Hilbert space is
(⊗
p C
|G|
p
)
⊗Z2(⊗Z2
〈pqr〉 C
1|1
pqr
)
, where
⊗Z2 is a Z2 graded tensor product.
We use γpqr and γpqr as a basis for the operator algebra of
the complex fermion at 〈pqr〉.
We now use (40) to map (45) to fermionic operators.
The result of fermionizing Uˆb is the finite depth circuit
of local unitaries
Uˆf = κˆ
∏
〈pqr〉
νˆopqrpqr
∏
〈pq〉
Sˆnˆpqpq
∏
〈pqr〉
(
(−1)Fˆpqr
)nˆpr
. (46)
Therefore, fermionization turns Hˆb into
Hˆf = UˆfHˆ
0
f Uˆ
†
f . (47)
Hˆf is comprised of two types of terms. First, we have
the conjugates of the terms in the second sum in (43),
namely:
−Uˆf(−1)Fˆpqr Uˆ†f = −(−1)nˆpqr (−1)Fˆpqr . (48)
These energetically enforce fermions to occupy the trian-
gles 〈pqr〉 with nontrivial n(gp, gq, gr). Second, we have
the conjugates of the terms in the first sum in (43):
−UˆfPˆ symp Uˆ†f . (49)
These fluctuate the G-configuration at vertex p and move
the neighboring fermions so that the fermion occupancy
conforms to the first term. We will see the action of Hˆf
more explicitly below when we treat the case G = Z2.
Hˆf describes a fermionic SPT phase because (1) it is
gapped (2) it has a unique, SRE ground state, and (3) it
is symmetric. It is gapped because it is an unfrustrated
commuting projector Hamiltonian. The unique ground
state is Uˆf|Ψ0f 〉, and since Uˆf is a finite depth circuit of
local unitaries, the ground state is SRE. Lastly, it is G-
symmetric because Hˆb is G-symmetric, and the fermion-
ization procedure commutes with the global action of G.
E. Example: G = Z2
Recall that in the G = Z2 case, (29) is
Uˆ±b =
∏
〈pqr〉
(±i)opqr sˆp(1−sˆq)sˆr Zˆ(1−sˆq)sˆrpq (50)
×
∏
〈pq〉
Xˆ(1−sˆp)sˆqpq
∏
〈pqr〉
Wˆ (1−sˆp)sˆrpqr .
To avoid confusion, we will for the remainder of this sec-
tion focus on the case Uˆ+b and drop the + superscript;
the case Uˆ−b can be treated similarly.
To fermionize Uˆb, we first recognize that it may be
written in terms of the local operators Uˆpq of section III.
The product ∏
〈pqr〉
Zˆ(1−sˆq)sˆrpq
∏
〈pq〉
Xˆ(1−sˆp)sˆqpq (51)
in (50) is exactly equal to∏
〈pq〉
Uˆ (1−sˆp)sˆqpq (52)
without any additional factor of κˆ. This is due to the fact
that (1−sq)sr and (1−sp)sq cannot simultaneously be 1,
so that we never have to move anti-commuting operators
past each other to go from one expression to the other.
Therefore, the fermionization duality applied to Uˆb yields
Uˆf =
∏
〈pqr〉
iopqr sˆp(1−sˆq)sˆr (53)
×
∏
〈pq〉
Sˆ(1−sˆp)sˆqpq
∏
〈pqr〉
(
(−1)Fˆpqr
)(1−sˆp)sˆr
with Sˆpq and (−1)Fˆpqr defined in section III. Hence, Hˆb
explicitly fermionizes to
Hˆf = UˆfHˆ
0
f Uˆf, (54)
where
Hˆ0f = −
∑
p
Pˆ symp −
∑
〈pqr〉
(−1)Fˆpqr . (55)
We have thus constructed a Z2-symmetric fermionic SPT
Hamiltonian for the supercohomology data specified in
(24) and (25).
Picture of the ground state: The finite depth
circuit of local unitaries Uˆf in (53) allows us to explic-
itly construct the ground state |Ψf〉 of Hˆf. This is ac-
complished by applying Uˆf to |Ψ0f 〉, the ground state of
Hˆ0f . |Ψ0f 〉 is a product state with the Z2-symmetric state
1√
2
(|0〉 + |1〉) at each vertex p and zero fermion occu-
pancy at every triangle 〈pqr〉. Expressed in the config-
uration basis, |Ψ0f 〉 is an equal amplitude superposition
of domain configurations – domains containing states |0〉
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=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit>
=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit> interpolating<latexit sha1_base64="d7b2Gd6KCVltBrvxzJgutzx5 JU4=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBD0WvXisYFuhDWWznbRLN5uwOxFrKf4VLx4U8er/8Oa/cdvmo K0PBh7vzTAzL0ylMOh5305haXllda24XtrY3NrecXf3GibJNIc6T2Si70JmQAoFdRQo4S7VwOJQQjMcXE385j1oIxJ1 i8MUgpj1lIgEZ2iljnvQRnjAkVAIOk2kVVVv3HHLXsWbgi4SPydlkqPWcb/a3YRnMSjkkhnT8r0UgxHTKLiEcamdGU gZH7AetCxVLAYTjKbXj+mxVbo0SrQthXSq/p4YsdiYYRzazphh38x7E/E/r5VhdBHY19IMQfHZoiiTFBM6iYJ2hQaOc mgJ41rYWynvM824zcKUbAj+/MuLpHFa8b2Kf3NWrl7mcRTJITkiJ8Qn56RKrkmN1Aknj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/wSeWDA==</latexit><latexit sha1_base64="d7b2Gd6KCVltBrvxzJgutzx5 JU4=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBD0WvXisYFuhDWWznbRLN5uwOxFrKf4VLx4U8er/8Oa/cdvmo K0PBh7vzTAzL0ylMOh5305haXllda24XtrY3NrecXf3GibJNIc6T2Si70JmQAoFdRQo4S7VwOJQQjMcXE385j1oIxJ1 i8MUgpj1lIgEZ2iljnvQRnjAkVAIOk2kVVVv3HHLXsWbgi4SPydlkqPWcb/a3YRnMSjkkhnT8r0UgxHTKLiEcamdGU gZH7AetCxVLAYTjKbXj+mxVbo0SrQthXSq/p4YsdiYYRzazphh38x7E/E/r5VhdBHY19IMQfHZoiiTFBM6iYJ2hQaOc mgJ41rYWynvM824zcKUbAj+/MuLpHFa8b2Kf3NWrl7mcRTJITkiJ8Qn56RKrkmN1Aknj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/wSeWDA==</latexit><latexit sha1_base64="d7b2Gd6KCVltBrvxzJgutzx5 JU4=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBD0WvXisYFuhDWWznbRLN5uwOxFrKf4VLx4U8er/8Oa/cdvmo K0PBh7vzTAzL0ylMOh5305haXllda24XtrY3NrecXf3GibJNIc6T2Si70JmQAoFdRQo4S7VwOJQQjMcXE385j1oIxJ1 i8MUgpj1lIgEZ2iljnvQRnjAkVAIOk2kVVVv3HHLXsWbgi4SPydlkqPWcb/a3YRnMSjkkhnT8r0UgxHTKLiEcamdGU gZH7AetCxVLAYTjKbXj+mxVbo0SrQthXSq/p4YsdiYYRzazphh38x7E/E/r5VhdBHY19IMQfHZoiiTFBM6iYJ2hQaOc mgJ41rYWynvM824zcKUbAj+/MuLpHFa8b2Kf3NWrl7mcRTJITkiJ8Qn56RKrkmN1Aknj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/wSeWDA==</latexit><latexit sha1_base64="d7b2Gd6KCVltBrvxzJgutzx5 JU4=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBD0WvXisYFuhDWWznbRLN5uwOxFrKf4VLx4U8er/8Oa/cdvmo K0PBh7vzTAzL0ylMOh5305haXllda24XtrY3NrecXf3GibJNIc6T2Si70JmQAoFdRQo4S7VwOJQQjMcXE385j1oIxJ1 i8MUgpj1lIgEZ2iljnvQRnjAkVAIOk2kVVVv3HHLXsWbgi4SPydlkqPWcb/a3YRnMSjkkhnT8r0UgxHTKLiEcamdGU gZH7AetCxVLAYTjKbXj+mxVbo0SrQthXSq/p4YsdiYYRzazphh38x7E/E/r5VhdBHY19IMQfHZoiiTFBM6iYJ2hQaOc mgJ41rYWynvM824zcKUbAj+/MuLpHFa8b2Kf3NWrl7mcRTJITkiJ8Qn56RKrkmN1Aknj+SZvJI358l5cd6dj1lrwcln 9skfOJ8/wSeWDA==</latexit>
vector field
<latexit sha1_base64="ubSZUCfcdH66qP5vDG4yQ5U5 f48=">AAAB/HicbVBNT8JAFNziF+JXlaOXjcTEE2mNiR6JXjxiImAChGyXV9iw7Ta7r0TS4F/x4kFjvPpDvPlv3AIHB ec0mXkvb94EiRQGPe/bKaytb2xuFbdLO7t7+wfu4VHTqFRzaHAllX4ImAEpYmigQAkPiQYWBRJawegm91tj0Eao+B4n CXQjNohFKDhDK/XccgfhEbMxcFSahgJkf9pzK17Vm4GuEn9BKmSBes/96vQVTyOIkUtmTNv3EuxmTKPgEqalTmogYX zEBtC2NGYRmG42Cz+lp1bp0zC/rmKkM/X3RsYiYyZRYCcjhkOz7OXif147xfCqm4k4SRFiPj8UppKionkTtC+0/VpOL GFcC5uV8iHTjKPtq2RL8JdfXiXN86rvVf27i0rtelFHkRyTE3JGfHJJauSW1EmDcDIhz+SVvDlPzovz7nzMRwvOYqdM /sD5/AFhNJU5</latexit><latexit sha1_base64="ubSZUCfcdH66qP5vDG4yQ5U5 f48=">AAAB/HicbVBNT8JAFNziF+JXlaOXjcTEE2mNiR6JXjxiImAChGyXV9iw7Ta7r0TS4F/x4kFjvPpDvPlv3AIHB ec0mXkvb94EiRQGPe/bKaytb2xuFbdLO7t7+wfu4VHTqFRzaHAllX4ImAEpYmigQAkPiQYWBRJawegm91tj0Eao+B4n CXQjNohFKDhDK/XccgfhEbMxcFSahgJkf9pzK17Vm4GuEn9BKmSBes/96vQVTyOIkUtmTNv3EuxmTKPgEqalTmogYX zEBtC2NGYRmG42Cz+lp1bp0zC/rmKkM/X3RsYiYyZRYCcjhkOz7OXif147xfCqm4k4SRFiPj8UppKionkTtC+0/VpOL GFcC5uV8iHTjKPtq2RL8JdfXiXN86rvVf27i0rtelFHkRyTE3JGfHJJauSW1EmDcDIhz+SVvDlPzovz7nzMRwvOYqdM /sD5/AFhNJU5</latexit><latexit sha1_base64="ubSZUCfcdH66qP5vDG4yQ5U5 f48=">AAAB/HicbVBNT8JAFNziF+JXlaOXjcTEE2mNiR6JXjxiImAChGyXV9iw7Ta7r0TS4F/x4kFjvPpDvPlv3AIHB ec0mXkvb94EiRQGPe/bKaytb2xuFbdLO7t7+wfu4VHTqFRzaHAllX4ImAEpYmigQAkPiQYWBRJawegm91tj0Eao+B4n CXQjNohFKDhDK/XccgfhEbMxcFSahgJkf9pzK17Vm4GuEn9BKmSBes/96vQVTyOIkUtmTNv3EuxmTKPgEqalTmogYX zEBtC2NGYRmG42Cz+lp1bp0zC/rmKkM/X3RsYiYyZRYCcjhkOz7OXif147xfCqm4k4SRFiPj8UppKionkTtC+0/VpOL GFcC5uV8iHTjKPtq2RL8JdfXiXN86rvVf27i0rtelFHkRyTE3JGfHJJauSW1EmDcDIhz+SVvDlPzovz7nzMRwvOYqdM /sD5/AFhNJU5</latexit><latexit sha1_base64="ubSZUCfcdH66qP5vDG4yQ5U5 f48=">AAAB/HicbVBNT8JAFNziF+JXlaOXjcTEE2mNiR6JXjxiImAChGyXV9iw7Ta7r0TS4F/x4kFjvPpDvPlv3AIHB ec0mXkvb94EiRQGPe/bKaytb2xuFbdLO7t7+wfu4VHTqFRzaHAllX4ImAEpYmigQAkPiQYWBRJawegm91tj0Eao+B4n CXQjNohFKDhDK/XccgfhEbMxcFSahgJkf9pzK17Vm4GuEn9BKmSBes/96vQVTyOIkUtmTNv3EuxmTKPgEqalTmogYX zEBtC2NGYRmG42Cz+lp1bp0zC/rmKkM/X3RsYiYyZRYCcjhkOz7OXif147xfCqm4k4SRFiPj8UppKionkTtC+0/VpOL GFcC5uV8iHTjKPtq2RL8JdfXiXN86rvVf27i0rtelFHkRyTE3JGfHJJauSW1EmDcDIhz+SVvDlPzovz7nzMRwvOYqdM /sD5/AFhNJU5</latexit>
=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/Y uLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0 NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy wUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80 On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzN puSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</la texit> fermion
<latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBW j98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dt j4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoO xwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHU sVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V 8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4A XX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBW j98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dt j4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoO xwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHU sVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V 8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4A XX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBW j98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dt j4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoO xwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHU sVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V 8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4A XX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBW j98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dt j4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoO xwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHU sVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V 8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4A XX6TDw==</latexit>
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FIG. 12. Pictured here is the effect of
∏
〈pq〉 Sˆ
(1−sˆp)sˆq
pq on
a domain wall configuration. For clarity the lattice is sup-
pressed and we have only drawn the interpolating vector field
along the domain walls. The edges of E , introduced in section
III, are shown to illustrate their affect on the ordering of the
fermions in the figure.
or |1〉 at vertices. Note that the domain walls between
the |0〉 and |1〉 domains run along the edges of the dual
lattice. The ground state of Hˆf is
|Ψf〉 = Uˆf|Ψ0f 〉 =
∑
configs
Uˆf
∣∣∣∣∣∣∣
〉
. (56)
The above sum is over all Z2-spin domain configurations
tensored with the empty fermionic state. The operator Uˆf
decorates fermions onto each such domain configuration
and multiplies by a configuration-dependent phase, but
it does not alter the shape of the domains.
We can break the action of Uˆf on a domain configura-
tion up into three steps. In the first step, we apply∏
〈pqr〉
(
(−1)Fˆpqr
)(1−sˆp)sˆr
. (57)
As the domain configurations in |Ψ0f 〉 have no fermions,
they are +1 eigenvectors of the fermion parity operators
in (57). Thus, this term does not affect the state.
In the second step, we act on the domain configuration
with ∏
〈pq〉
Sˆ(1−sˆp)sˆqpq . (58)
The exponent in (58) is 1 precisely when the link 〈pq〉
points from a |0〉 domain to a |1〉 domain. As a result,
Majorana operators are applied to the two triangles on
either side of the link 〈pq〉, and in this way, fermions are
only created along the domain wall. The result is a pair
of fermions at the two endpoints of each portion of the
domain wall where the interpolating vector field points
from the |0〉 to the |1〉 domain (see FIG. 12 and 13). The
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FIG. 13. The order in which the fermions are created along
the domain wall is based on the spin structure. Fermions are
created in pairs – one on either side of the regions for which
the interpolating vector field points from |0〉 (white) to |1〉
(gray). These fermions are created left to right if there are an
even number of edges in E (pictured in red) between them and
created right to left order otherwise. The ordering is labeled
above. Note that equivalently, the fermions can be ordered
from left to right across every |0〉 to |1〉 pointing region as long
as a −1 sign is picked up for each edge in E oriented from |0〉
to |1〉.
order in which these two fermions are created depends on
the spin structure E as follows. First, we locally orient
the domain wall so that it runs horizontally with the |0〉
domain below and the |1〉 domain above, as illustrated in
FIG. 13. If there are an even number of edges in E cross-
ing the |0〉 to |1〉 pointing portion of the domain wall,
then we create the fermion on the left endpoint first,
followed by the fermion on the right endpoint. When
there are an odd number of edges in E crossing the re-
gion, the fermions are created in the opposite order (FIG.
(13)). Since the difference between these two procedures
is just a minus sign, we can alternatively always create
the fermions from left to right, and at the end multiply
by −1 for every edge of E that points from the |0〉 to the
|1〉 domain.
Lastly, we act with∏
〈pqr〉
iopqr sˆp(1−sˆq)sˆr . (59)
This term assigns a phase to each configuration, which
can be thought of as a product of contributions associ-
ated to points of tangency of the vector field with the
domain wall, or, equivalently, associated to the fermions.
These contributions can be determined as follows. Mov-
ing from left to right along a domain wall with the |0〉
domain below and the |1〉 domain above, we track the in-
terpolating vector field. If the interpolating vector field
rotates clockwise, from initially pointing in the direction
of the |0〉 domain to finally pointing in the direction of
the |1〉 domain, then we accrue a phase of i. If the in-
terpolating vector field rotates clockwise from initially
pointing towards the |1〉 domain to finally pointing to-
wards the |0〉 domain, then a phase of −i is picked up
(see FIG. 14). For the two other possible rotations, no
phase is picked up.
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<latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQ df9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4 cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVv Jv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMA jhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQ df9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4 cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVv Jv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMA jhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQ df9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4 cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVv Jv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMA jhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit><latexit sha1_base64="nntvbfTVAq3+RqjxvwuZpbOvIy8=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQ df9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Ev1xxq+4 cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVv Jv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0rqsem7Vu69V6jd5HEU4gVM4Bw+uoA530IAmMA jhGV7hzRk7L86787FoLTj5zDH8gfP5AzjRjSQ=</latexit>
+1
<latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit>
+1
<latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5xyElo=" >AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkRwb Vz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlhwuvX664VXc Oskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3 E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQSyhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawC CEZ3iFN2fsvDjvzseiteDkM8fwB87nD+DYjOo=</latexit>
|1i domain
<latexit sha1_base64="JuN6KbHae QOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaB lwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4Q S2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFg YRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6b tmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUs VCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEF QfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5W rN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw 3JbU</latexit><latexit sha1_base64="JuN6KbHae QOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaB lwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4Q S2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFg YRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6b tmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUs VCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEF QfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5W rN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw 3JbU</latexit><latexit sha1_base64="JuN6KbHae QOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaB lwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4Q S2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFg YRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6b tmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUs VCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEF QfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5W rN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw 3JbU</latexit><latexit sha1_base64="JuN6KbHae QOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaB lwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4Q S2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFg YRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6b tmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUs VCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEF QfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5W rN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw 3JbU</latexit>
|0i domain
<latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicb VA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7j VMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwy Y1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytl A+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicb VA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7j VMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwy Y1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytl A+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicb VA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7j VMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwy Y1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytl A+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicb VA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7j VMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwy Y1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytl A+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit>
FIG. 14. In the figure above, as we move left to right along
the domain wall, the interpolating vector field (blue arrows)
rotates. When it rotates clockwise from pointing towards the
|0〉 domain (white) to pointing towards the |1〉 domain (gray),
we get a phase of +i. When it rotates clockwise from pointing
towards the |1〉 domain to pointing towards the |0〉 domain,
we obtain a phase of −i. Counterclockwise rotations of the
vector field along the domain wall give a trivial phase. The
twist of the vector field near an edge in E (red edges), as
displayed in FIG. 10, does not affect the calculation of this
phase.
We would like to emphasize that the ground state con-
structed according to this prescription admits a contin-
uum interpretation. Namely, in the continuum we can
think of the spin structure being encoded in a smooth
vector field together with a set of smooth segments E
connecting the odd singularities of this vector field. The
ground state is a superposition over smooth domain wall
configurations decorated with fermions. The fermions
appear precisely at the locations where the vector field
is tangent to a domain wall, and the above prescrip-
tion gives a specific ordering of fermion creation oper-
ators used to create this fermionic state from the empty
fermionic state. Finally, the amplitude for each deco-
rated domain wall is multiplied by products of ±i as de-
termined by the rotation of the vector field at the points
of tangency, as detailed above.
IV. CLASSIFICATION
Thus far, we have used a choice of supercohomology
data (n, ν) together with a spin structure on a 2d tri-
angulated spatial manifold with branching structure to
construct a zero correlation length fermionic SPT Hamil-
tonian. The strategy was to first construct a bosonic
shadow model using the group supercohomology data.
This led us to a finite depth circuit Uˆb (20):
Uˆb =
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr , (60)
which, when applied to an ordinary toric code ground
state, produced the ground state of the bosonic shadow
model. Furthermore, the fermionization of Uˆb yielded Uˆf
(defined in (46)) - a fermionic finite depth circuit that
builds a fermionic SPT ground state from a trivial prod-
uct state.
In this section, we show that the composition of these
circuits gives insight into the group structure of fermionic
SPT phases. First, we clarify the physical meaning be-
hind composing finite depth circuits. Then, we give a
physically motivated definition of equivalence for sets of
supercohomology data. Lastly, we use this notion of
equivalence to establish group supercohomology classes
as topological invariants for lattice fermionic SPT Hamil-
tonians.
A. Stacking as composition of circuits
The additive group structure on the set of SPT phases
is given by stacking. To stack two SPT Hamiltonians,
let us imagine that they are defined on identical lattices
extending in the x, y directions, and let us put one lattice
directly over the other, i.e. separated in the z direction.
Then, grouping pairs of vertically separated sites with the
same x, y-coordinates into supersites, the sum of the two
decoupled SPT Hamiltonians for the two layers defines
another 2d gapped SPT Hamiltonian. This stacking op-
eration respects the notion of phase equivalence and thus
defines an additive structure on the set of SPT phases.
We can reinterpret the stacking operation as compo-
sition of finite depth circuits of local unitaries that cre-
ate the corresponding SPT ground states from a product
state. To see this, suppose that Uˆ and Uˆ ′ are two such
circuits that act on identical Hilbert spaces made out of
sites which form identical G-representations. The ground
state of the stacked system is(
Uˆ ⊗ Uˆ ′
)
(|0〉 ⊗ |0〉′) =
(
Uˆ |0〉
)
⊗
(
Uˆ ′|0〉′
)
. (61)
Now let Vˆ be the unitary operator which exchanges the
two layers. Note that Vˆ can be defined as a tensor prod-
uct of finite dimensional unitaries acting on the individ-
ual supersites, where they just swap the two sites in each
supersite. Vˆ clearly commutes with the action of the
global symmetry, and we have
Vˆ
(
Uˆ ⊗ 1
)
Vˆ †
(
1⊗ Uˆ ′
)
(|0〉 ⊗ |0〉′) (62)
=
(
1⊗ Uˆ Uˆ ′
)
(|0〉 ⊗ |0〉′)
= |0〉 ⊗
(
Uˆ Uˆ ′|0〉′
)
.
Hence (62) is equivalent to the state obtained by com-
posing the two circuits. Notice, Vˆ can be continuously
connected to the identity via a path in the space of sym-
metric finite depth circuits. To construct such a path, one
just needs to find a path connecting the swap unitary to
the identity for a single supersite and tensor these over
all the supersites. For a single supersite, the problem is
straightforward. This is because, in a finite dimensional
Hilbert space, any symmetric unitary is connected to the
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identity through a path in the space of symmetric uni-
taries, as can be seen by breaking up the Hilbert space
into irreducible representations ofG and applying Schur’s
lemma.
We now use this equivalence between stacking and
composing circuits to derive the stacking rule for our su-
percohomology SPT models. In particular, this will show
that the supercohomology SPT phases form a closed sub-
group under stacking.
B. Computation of stacking rules by composing
circuits
Let (n, ν) and (n′, ν′) be two sets of supercohomology
data. Further, denote the bosonic finite depth circuits
obtained from (n, ν) and (n′, ν′) via our construction by
Uˆnνb and Uˆ
n′ν′
b , respectively. The composition of Uˆ
nν
b
with Uˆn
′ν′
b yields a finite depth circuit corresponding to
yet another set of supercohomology data. This can be
seen by explicit computation. The product of Uˆnνb with
Uˆn
′ν′
b is
Uˆnνb Uˆ
n′ν′
b =
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr (63)
×
∏
〈pqr〉
(
νˆ′opqrpqr Zˆ
nˆ′qr
pq
)∏
〈pq〉
Xˆ
nˆ′pq
pq
∏
〈pqr〉
Wˆ
nˆ′pr
pqr .
To obtain an expression in the same form as Uˆb, and
thus reveal the group structure of the fermionic circuits,
we group similar terms. In doing so, the only non-trivial
signs arise when we move∏
〈pqr〉
Wˆ nˆprpqr past
∏
〈pq〉
Xˆ
nˆ′pq
pq (64)
and ∏
〈pqr〉
Xˆ nˆpqpq past
∏
〈pq〉
Zˆ
nˆ′qr
pq . (65)
Using δn = 0, we can write the resulting sign as:∏
〈pqr〉
(−1)nˆprnˆ′pqr+nˆpqnˆ′qr . (66)
We then have
Uˆnνb Uˆ
n′ν′
b =
∏
〈pqr〉
νˆopqrpqr νˆ
′opqr
pqr (−1)nˆprnˆ
′
pqr+nˆpqnˆ
′
qr (67)
×
∏
〈pqr〉
Zˆ
nˆqr+nˆ
′
qr
pq
∏
〈pq〉
Xˆ
nˆpq+nˆ
′
pq
pq
∏
〈pqr〉
Wˆ
nˆpr+nˆ
′
pr
pqr .
This is precisely the circuit Uˆb formed from the input
supercohomology data (n+ n′, νν′(−1)n∪1n′), where40
(n ∪1 n′)(gp, gq, gr, 1) = (68)
n(gp, gr, 1)n
′(gp, gq, gr) + n(gp, gq, 1)n′(gq, gr, 1)
agrees with the sign in (66) and (67).
Therefore, stacking the fermionic SPT phases corre-
sponding to (n, ν) and (n′, ν′) results in the fermionic
SPT phase corresponding to (n+ n′, νν′(−1)n∪1n′), or
(n, ν) ∗ (n′, ν′) = (n+ n′, νν′(−1)n∪1n′) (69)
with ∗ denoting the stacking operation. This is in accord
with the supercohomology data group law found in Ref.
[3] through continuum space-time methods.
C. Equivalence relation on supercohomology data
The stacking rules allow us to define a physically moti-
vated notion of equivalence between two sets of superco-
homology data, which agrees with the mathematical one
given in e.g. Ref. [13]. We will say that two sets of su-
percohomology data are equivalent if the corresponding
fermionic SPT Hamiltonians Hˆf, constructed in section
III D, are in the same phase.
Consider the supercohomology data40
(n0, ν0) = (δβ, (−1)β∪δβδω), (70)
where β : G × G → Z2 and ω : G × G × G → U(1) are
both homogeneous. We claim that this set of data gives
a finite depth circuit Uˆn0ν0b built from symmetric local
unitaries (up to factors of Gˆp), i.e. the fermionic SPT
phase corresponding to this set of data is trivial [20]. In
Appendix F, we compute Uˆn0ν0b in detail, and we simply
state the result here:
Uˆn0ν0b =
∏
〈pqr〉
ωˆ−opqrpqr (−1)βˆpqβˆqr (71)
×
∏
〈pqr〉
Zˆ βˆqrpq
∏
〈pq〉
Xˆ βˆpqpq
∏
〈pqr〉
Wˆ βˆprpqr
∏
p
Gˆβˆpp .
Above, ωˆpqr, βˆpq, and βˆp are defined by
ωˆpqr|{gt}〉 = ω(gp, gq, gr)|{gt}〉 (72)
βˆpq|{gt}〉 = β(gp, gq)|{gt}〉 (73)
βˆp|{gt}〉 = β(gp, 1)|{gt}〉. (74)
The local unitary operators in Uˆn0ν0b (besides Gˆ
βˆp
p ) are
then manifestly symmetric due to the homogeneity prop-
erties of β and ω. Fermionization maps Gˆ
βˆp
p to the
identity, so the finite depth circuit Uˆn0ν0f obtained from
fermionization is indeed built from symmetric local uni-
taries. Hence, Uˆn0ν0f applied to a trivial product state
gives us a trivial SPT.
Stacking a trivial SPT phase leaves the system in the
same phase. Therefore, composition of Uˆn0ν0b with Uˆ
nν
b
should give us a circuit corresponding to some superco-
homology data that is equivalent to (n, ν). According
to the composition rules (69) in the previous subsection,
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the product Uˆn0ν0b Uˆ
nν
b is the circuit corresponding to the
supercohomology data41(
n+ δβ, ν(−1)β∪δβ+n∪β+β∪nδ [ω(−1)n∪1β]) . (75)
ω(−1)n∪1β in (75) is some homogeneous function, which
we will denote as η, from G×G×G to U(1). Therefore,
two sets of supercohomology data (n, ν) and (n′, ν′) are
equivalent if there exists a homogeneous function β : G×
G→ Z2 and homogeneous function η : G×G×G→ U(1)
such that
n′ = n+ δβ (76)
ν′ = ν(−1)β∪δβ+n∪β+β∪nδη.
It can be checked that this is a symmetric and transitive
relation, and hence defines an equivalence relation. In
what follows, we will show that two sets of group super-
cohomology data that are inequivalent with respect to
this relation necessarily give rise to distinct SPT phases.
D. Quantized invariants for fermionic SPT phases
We are now in a position to establish group super-
cohomology data as quantized invariants for fermionic
SPT phases at the level of gapped lattice Hamiltonians.
In the previous subsection, two sets of supercohomology
data were said to be equivalent if they correspond to the
same fermionic SPT phase. Therefore, we need only ar-
gue that inequivalent sets of supercohomology data nec-
essarily correspond to distinct fermionic SPT phases.
Suppose (n′, ν′) and (n′′, ν′′) are inequivalent choices of
group supercohomology data with respect to the equiva-
lence relation (76). We will show that the corresponding
models are in distinct SPT phases. First, we stack the
phase corresponding to (n′, ν′) with the inverse of the
phase corresponding to (n′′, ν′′). Then, using the fact
that SPT phases form an abelian group under stacking,
the two phases will be distinct if and only if
(n, ν) ≡ (n′, ν′) ∗ (n′′, ν′′)−1 (77)
gives rise to a nontrivial fermionic SPT phase. In other
words, we need to demonstrate that (n, ν) corresponds
to a nontrivial phase whenever it is not of the form (70).
To show that the phase corresponding to (n, ν) is non-
trivial, we bosonize it, i.e. reverse the fermionization pro-
cedure described above. This should simply return our
bosonic shadow model. However, because the bosoniza-
tion dictionary is many-to-one, in the sense that all the
Gˆp operators map to the identity on the fermionic side,
we have to define our bosonization procedure carefully
to avoid ambiguities. We do this by dressing each lo-
cal term on the bosonic side with a projector onto the
Gˆp = 1 Hilbert space everywhere in the vicinity of that
term and by adding a term −∑p Gˆp to ensure that the
ground state is in the Gˆp = 1 subspace. It is impor-
tant to note that this bosonization can be performed for
any gapped fermionic Hamiltonian defined on our Hilbert
space, not just on our specific fixed point model. Now,
having mapped the fermionic SPT Hamiltonian corre-
sponding to (n, ν) to a bosonic symmetry enriched toric
code Hamiltonian, we look for quantized invariants of the
symmetry enriched model that can then be pulled back
to give fermionic SPT invariants.
If (n, ν) is nontrivial, i.e. not of the form (70), then
there are two cases. The first is that n cannot be written
in the form n = δβ for any choice of β (β defined below
(70)). The second is that n can be written as δβ, but
ν is nontrivial (clarified below). We treat these cases in
turn.
Case 1: Assume that n cannot be written as δβ.
Then, after bosonizing, we will show that the fermion
parity flux excitations (e or m excitations of the bosonic
shadow model) carry the nontrivial fractionalization class
n ∈ H2(G,Z2). Starting with the ground state of the
bosonic shadow model |Ψb〉, we can create a pair of e
excitations at some well separated vertices a and b by
applying a string operator. From this state, a low energy
Hilbert space HL is obtained by projecting onto fixed
values of the G-spins ga and gb at vertices a and b, re-
spectively. HL has dimension |G|2, with a natural basis
{|Ψeeb ; ga, gb〉}. Explicitly,
|Ψeeb ; ga, gb〉 = Uˆnνb |Ψeet.c.; ga, gb〉, (78)
where |Ψeet.c.; ga, gb〉 is the toric code state consisting of
two e excitations at a and b respectively, tensored with
a trivial G-spin paramagnet on all vertices p 6= a, b and
G-spins at a and b fixed to ga and gb, respectively.
Letting Vˆ (g) be the global on-site symmetry operator
corresponding to the group element g, we now compute
Vˆ (g)|Ψeeb ; ga, gb〉:
Vˆ (g)|Ψeeb ; ga, gb〉 = Vˆ (g)Uˆnνb |Ψeet.c.; ga, gb〉. (79)
Using the fact (proved in Appendix B) that Uˆnνb is sym-
metric up to factors of Gˆp:
Vˆ (g)Uˆnνb = Uˆ
nν
b
∏
p
Gˆ
nˆgp
p Vˆ (g), (80)
where nˆgp is defined by
nˆgp|{gt}〉 = n(gp, 1, g)|{gt}〉, (81)
we have
Vˆ (g)|Ψeeb ; ga, gb〉 = Uˆnνb
∏
p
Gˆ
nˆgp
p |Ψeet.c.; gga, ggb〉
= Uˆnνb (−1)nˆ
g
a(−1)nˆgb |Ψeet.c.; gga, ggb〉
= (−1)n(gga,1,g)+n(ggb,1,g)|Ψeeb ; gga, ggb〉.
(82)
Focusing on just the a vertex, we see from (82) that the
local effective action of Vˆ (g) near a is given by the oper-
ator:
Vˆa(g)|Ψeeb ; ga, gb〉 = (−1)n(gga,1,g)|Ψeeb ; gga, gb〉. (83)
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With Vˆb(g) defined analogously, we recover Vˆa(g)Vˆb(g) =
Vˆ (g), as required. Note that there is a g dependent sign
ambiguity in the definition of this local effective action.
(A possible phase ambiguity is restricted to just an am-
biguity in sign by the Z2 fusion rules of the e excitations
[10 and 21].)
The fractionalization class captures the failure of the
symmetry group law to be satisfied by the effective sym-
metry action on a single anyon. To compute this fraction-
alization class, we therefore compute the phase difference
between Vˆa(g)Vˆa(h) and Vˆa(gh). For Vˆa(g)Vˆa(h), we have
Vˆa(g)Vˆa(h)|Ψeeb ; ga, gb〉 =
= Vˆa(g)(−1)n(hga,1,h)|Ψeeb ;hga, gb〉
= (−1)n(ghga,1,g)+n(hga,1,h)|Ψeeb ; ghga, gb〉, (84)
while for Vˆa(gh), we have
Vˆa(gh)|Ψeeb ; ga, gb〉 = (−1)n(ghga,1,gh)|Ψeeb ; ghga, gb〉.
(85)
Using δn = 0 and the homogeneity of n, we see that the
difference in sign between the far right hand side of (84)
and the right hand side of (85) is precisely (−1)n(1,g,gh).
Thus, the fractionalization class of the local symmetry
action is indeed given by n. Accounting for the g de-
pendent sign ambiguity in the local symmetry action
noted just below (83), one can show [10, 21, and 42]
that the symmetry fractionalization is well defined with
n ∈ H2(G,Z2).
The nontrivial symmetry action on the fermion parity
fluxes indicates that the bosonic shadow model corre-
sponding to (n, ν) is in a nontrivial symmetry enriched
phase [7 and 21]. Pulling back via bosonization, this im-
plies that the fermionic SPT corresponding to (n, ν) is
nontrivial. Hence, the fermionic SPT phases given by
(n′, ν′) and (n′′, ν′′) are distinct.
Alternatively, the nontrivial symmetry fractionaliza-
tion can be seen more informally by recalling that the
shadow model comes from gauging the Z2 subgroup of G˜,
with G˜ the Z2-extension of G determined by n. There-
fore, the G group law relations close only modulo a Z2
gauge transformation, and the fermion parity flux, being
charged under this gauged Z2, acquires minus signs cor-
responding to the fractionalization class n when acted on
by global G symmetry.
Case 2: Now, suppose instead that n is trivial, i.e.
n = δβ. Then using the equivalence relation (76), we
can ‘gauge’ n away entirely, so that the supercohomology
data (n, ν) is equivalent to (0, ν˜), with δν˜ = 0. For (0, ν˜)
to be nontrivial, it must be that there does not exist an
ω (as defined below (70)) such that δω = ν˜. That is to
say, ν˜ must be nontrivial in H3(G,U(1)).
The fixed point fermionic circuit Uˆ0ν˜f corresponding to
(0, ν˜) acts trivially on the fermionic degrees of freedom,
whereas the portion of it that acts on the bosonic G-spin
degrees of freedom is precisely the circuit that constructs
a group cohomology SPT ground state from a trivial
product state [1]. To see that this system is nontrivial
as a fermionic SPT, we bosonize the system. The re-
sult is a trivial toric code phase stacked with the bosonic
group cohomology phase corresponding to ν˜. This sym-
metry enriched toric code is precisely what one obtains
from gauging the Z2 subgroup of G×Z2 in the ordinary
bosonic SPT of G× Z2 with cocycle ν˜ ⊗ 1. ν˜ ⊗ 1 is non-
trivial in H3(G × Z2, U(1)) by Ku¨nneth’s theorem [43]
and the assumption that ν˜ is nontrivial.
We have thus shown that (76) generates the maximal
possible set of equivalence relations on supercohomology
data, with inequivalent data necessarily giving rise to dis-
tinct phases. A subtle point is that the fermionic phases
corresponding to inequivalent sets of supercohomology
data (n′, ν′) and (n′′, ν′′) might still bosonize into the
same symmetry enriched toric code phase [7]. Hence, it
was important in the above argument to bosonize the
model corresponding to (n′, ν′) ∗ (n′′, ν′′)−1, rather than
bosonizing those corresponding to (n′, ν′) and (n′′, ν′′)
individually. This subtlety arises in the the G = Z2 ex-
ample, which we discuss below.
E. Example: G = Z2
For G = Z2, we have
Uˆ±b =
∏
〈pqr〉
(±i)opqr sˆp(1−sˆq)sˆr Zˆ(1−sˆq)sˆrpq (86)
×
∏
〈pq〉
Xˆ(1−sˆp)sˆqpq
∏
〈pqr〉
Wˆ (1−sˆp)sˆrpqr .
Let us square this circuit. Then the sign in (66) is just
+1, so that, according to (67), we get(
Uˆ±b
)2
=
∏
〈pqr〉
νˆ2pqr. (87)
But
νˆ2pqr = (−1)sˆp(1−sˆq)sˆr (88)
is just the nontrivial cocycle in H3(Z2, U(1)) evaluated
on (sp, sq, sr, 0). Therefore the circuit
(
Uˆ±b
)2
builds the
nontrivial bosonic Z2 SPT [1 and 2]. Thus, stacking two
identical copies of either the + or − group supercoho-
mology phase results in the nontrivial bosonic Z2 SPT
phase, and in this sense, these group supercohomology
phases are ‘square roots’ of the bosonic phase.
Note that bosonizing the + and − phases actually re-
sults in the same symmetry enriched topological order.
Indeed, after gauging the Z2 global symmetry, the result-
ing twisted Z4 topological orders are the same. This can
be seen from the fact that both can be obtained by gaug-
ing Z4 in the corresponding auxiliary Z4 bosonic SPTs,
and the 3-cocycles defining these SPTs differ by the
generator of H3(Z2, U(1)) pulled back to H3(Z4, U(1)),
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which is trivial. Thus, the + and − phases cannot be
distinguished in this simple way; nevertheless, we know
they correspond to distinct fermionic SPT phases by the
argument in the previous section.
V. DISCUSSION
We have shown how to use group supercohomology
data (n, ν), together with a choice of spin structure on
a 2d oriented manifold M , to construct a corresponding
lattice fermionic SPT Hamiltonian on M . Our proce-
dure cleanly disentangles the roles of the supercohomol-
ogy data and spin structure. The former is used to build
a bosonic ‘shadow’ model, and the latter to fermionize
this model. Another advantage of our procedure is that
it explicitly builds the finite depth circuit of local uni-
taries Uˆf that creates the desired fermionic SPT ground
state from a product state. Our SPT Hamiltonian is then
Hˆf = UˆfHˆ
0
f Uˆ
†
f , (89)
where Hˆ0f is the trivial fermionic Hamiltonian - an
atomic insulator tensored with a trivial G-spin param-
agnet whose ground state is a product state with zero
fermion occupancy. Key to this approach is the fact that
the circuit Uˆf is G-symmetric. This is the case despite
the fact that the individual local unitaries that make up
the circuit cannot all be G-symmetric, for otherwise the
fermionic SPT would be trivial. Note that while we have
assumed that the global action of G is unitary, we expect
our construction to generalize to anti-unitary symmetries
with only minor modifications.
Our commuting projector Hamiltonians suffice to show
that the supercohomology phases protected by abelian
groups [44] can be many-body localized. The couplings in
the Hamiltonian45 Hˆ0f can be disordered (or made quasi-
periodic), leading to a many-body localized Hamiltonian
[26–30], or at least one that has a long thermalization
time scale. Since Hˆf is just the conjugate of Hˆ
0
f by a
finite depth circuit, the same is true of Hˆf.
The fermionization duality that was used to construct
our zero correlation length lattice models can also be re-
versed and used to bosonize fermionic SPT Hamiltoni-
ans. This, together with a reinterpretation of the stack-
ing structure of SPT phases in terms of composition of
the corresponding finite depth circuits, allows well estab-
lished invariants of the bosonic symmetry enriched toric
code to be pulled back to these fermionic SPT Hamiltoni-
ans. The result is a classification of fermionic supercoho-
mology SPT phases, with inequivalent supercohomology
data necessarily defining distinct phases.
One may ask whether a similar construction is possible
for the so-called beyond supercohomology phases [3, 6, 7,
9, 13, and 46] in 2 + 1D. That is, for these phases, can
an exactly solvable model be obtained by conjugating a
trivial fermionic Hamiltonian by a symmetric finite depth
circuit of local unitaries? We argue that, in contrast
to the supercohomology phases, the answer is no. In
particular, we claim that the ground states of beyond
supercohomology phases cannot be constructed from a
trivial product state by applying a globally symmetric
finite depth circuit of local unitaries. See Appendix G
for further discussion.
It is worth discussing the relation of our work to previ-
ous work. Supercohomology models were introduced in
the pioneering work of Ref. [5], where wave functions for
these models were written from a lattice path integral.
However, the wave functions were only explicitly con-
structed on a specific planar lattice and required seem-
ingly arbitrary choices to account for a spin structure.
In Ref. [12], a related wave function, for the so-called
fermionic toric code, was written down; this is the topo-
logical order that would result from gauging the global Z2
in our G = Z2 models. The ground states were defined by
graphical rules, but again, the spin structure was encoded
in these rules in a non-manifest way. The roles of the spin
structure and group supercohomology data were disen-
tangled in Ref. [4], but only in a lattice spacetime formal-
ism. Ref. [3] extended this to beyond-supercohomology
models, and also made the connection between the su-
percohomology data and the algebraic data defining the
shadow models. Insofar as lattice Hamiltonians, Refs.
[46, 11] clarified the role of spin structure in beyond-
supercohomology models, and Ref. [9] extended this to
include supercohomology models; however, Ref. [9] did
not write down explicit Hamiltonians, but rather defined
the ground states implicitly using certain self-consistent
lattice-deforming local rules. The present work builds on
these developments by constructing explicit Hamiltoni-
ans, as well as building the ground states explicitly us-
ing finite depth circuits, on oriented 2d manifolds of any
topology. It uses in an essential way the 2+1D bosoniza-
tion duality introduced in Ref. [15].
There are many possible avenues for future work. One
would be to extend this formalism to group supercoho-
mology models in three spatial dimensions. Another av-
enue is to extend the present formalism to more compli-
cated groups than G×Zf2, such as ones where the fermion
parity symmetry forms a nontrivial subgroup of the over-
all symmetry. Yet another possibility is to extend the
quantum circuit formalism to beyond-supercohomology
models, both in two and three spatial dimensions. It
may also be fruitful to understand our work in terms of
tensor network states and operators. Indeed, prelimi-
nary investigations suggest that the bosonization duality
can naturally be interpreted as a tensor network opera-
tor. It would then be nice to understand the relation be-
tween the present work and the fermionic models written
down in Ref. [8]. Futher, our finite depth circuits could
be used to study the edge theories of these fermionic
SPT phases. Finally, it would be interesting to study
the classification of symmetry enriched phases using fi-
nite depth circuits applied to the ground states of fixed
point Hamiltonians. The circuits Uˆb, introduced in sec-
tion II D, construct ground states of symmetry enriched
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toric code phases from a trivial toric code state, and thus
provide a nontrivial realization of such a construction.
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Appendix A: Derivation of the bosonic shadow
theory ground state and the ‘standard’ parent
Hamiltonian
In this appendix, we provide a derivation of the bosonic
shadow theory ground state Ψb introduced in section
II C. Recall that the first step of the construction is
to form an auxiliary G˜ bosonic SPT from a choice of
normalized19 supercohomology data (n,ν), where G˜ is a
Z2 extension of G by n. The next step is to ‘gauge’ the
Z2 subgroup of G˜ in the standard way by minimally cou-
pling the SPT Hamiltonian to a Z2 gauge field. We will
implement this procedure explicitly and argue that the
symmetry enriched Hamiltonian obtained from this pro-
cedure - which we refer to as the ‘standard’ symmetry
enriched Hamiltonian - can in principle be fermionized
since it commutes with the modified Gauss’s law Gˆp for
all p.
1. Gauging the Z2 ⊂ G˜
As stated in (10), the auxiliary G˜ SPT ground state
wave function in the configuration basis is
ΨSPT
({
g(mp)p
})
=
∏
〈pqr〉
α
(
g(mp)p , g
(mq)
q , g
(mr)
r , 1
)opqr
.
(A1)
(Recall that α can be expressed in terms of n, ν, and
 using (11).) A simple Hamiltonian HˆSPT with this
ground state is
HˆSPT = −UˆSPT
(∑
p
ˆ˜P symp
)
Uˆ†SPT (A2)
where UˆSPT is the finite depth circuit of local unitaries
defined by matrix elements〈{
h(`p)p
}∣∣UˆSPT∣∣{g(mp)p }〉 = (A3)
δ{
h
(`p)
p
}
,
{
g
(mp)
p
} ∏
〈pqr〉
α
(
g(mp)p , g
(mq)
q , g
(mr)
r , 1
)opqr
,
and ˆ˜P symp is the projector onto the symmetric state at
vertex p
1√
|G˜|
∑
g
(mp)
p ∈G˜
∣∣g(mp)p 〉 (A4)
tensored with the identity on the remaining sites.
We gauge the Z2 subgroup of G˜ using the usual algo-
rithm as described in Ref. [2] and Ref. [47]. First, we
introduce at each link 〈pq〉 a spin- 12 Hilbert space with
Pauli operators µxpq and µ
z
pq, and at all sites p, impose
the gauge constraint ∏
〈st〉3p
µˆxst = eˆ
Z2
p . (A5)
Here, the product runs over all links starting or ending
on p, and eˆZ2p is the operator that on vertex p takes∣∣g(mp)p 〉→ ∣∣g(mp+1)p 〉 (A6)
and acts as the identity on all other sites. In other words,
the action of eˆZ2p in the configuration basis is multiplica-
tion by the generator of the Z2 subgroup, 1(1), with the
assumption that n is normalized.
Second, we minimally couple each term in (A2) to the
Z2 gauge field degrees of freedom. In order to make this
gauging procedure unambiguous, we multiply each term
by a projector onto trivial Z2 flux on triangles in the
vicinity of that term, and add the term
−J
∑
〈pqr〉
µˆzpqµˆ
z
qrµˆ
z
pr (A7)
with J large enough to ensure that the ground state is
in the trivial Z2 flux sector. The result is a Hamiltonian
Hˆgauged which is invariant under the gauge constraints in
(A5).
A ground state of Hˆgauged can be written as
Ψgauged
({
g(mp)p
}
, {µzpq}
)
= (A8)∏
〈pqr〉
ν(gp, gq, gr, 1)
opqr
(
µzpq(−1)
((
g
(mp)
p
)−1
g
(mq)
q
))n(gq,gr,1)
×
∏
〈pqr〉
δW ′pqr,1
h({µzpq}).
The function h determines the holonomy of the particular
ground state. The ground state with trivial holonomy, for
example, is obtained with the choice of h:
h({µzpq}) =
{
1 if {µzpq} ∼ {µzpq = +1}
0 otherwise
(A9)
where ∼ means ‘gauge equivalent to’. For the ground
states with nontrivial holonomy, h is defined similarly.
The δ function in (A8) is a consequence of the flux
penalizing term in the gauging procedure. The µz-flux is
W ′pqr = µ
z
pqµ
z
qrµ
z
pr, (A10)
so the delta function
δW ′pqr,1 =
{
1 if W ′pqr = 1
0 otherwise
(A11)
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ensures that all configurations in the ground states have
trivial µz-flux.
In going from (A1) to (A8), we have also multi-
plied (−1)
((
g
(mp)
p
)−1
g
(mq)
q
)
by µzpq. This guarantees that
Ψgauged is gauge invariant and reduces to ΨSPT when all
µzpq = +1.
2. Mapping to unconstrained variables
To obtain Ψb as expressed in section II C, we must
rewrite the system in terms of unconstrained variables.
To this end, we define an isomorphism of operator al-
gebras below. This isomorphism will allow us to con-
vert Hˆgauged into Hˆ
′
b, a Hamiltonian acting on an un-
constrained Hilbert space with ground state Ψb. On one
side of the isomorphism, we have the algebra Aconstrained
appearing in the previous subsection and consisting of
gauge invariant operators, modulo the Gauss’s law re-
lation. On the other side of the isomorphism, we have
Aunconstrained, an operator algebra naturally represented
on a tensor product Hilbert space with degrees of freedom
matching those of the bosonic shadow theory. We now
define Aconstrained and Aunconstrained more carefully and
write an explicit isomorphism between the two algebras.
a. Algebra of constrained operators Aconstrained
Aconstrained admits a representation on the Hilbert
space discussed in the previous subsection, i.e. G˜ de-
grees of freedom on vertices and spin- 12 degrees of free-
dom on links. It can generated by eˆZ2p , gˆ
(0)
p ,
ˆ˜P gp , µˆ
x
pq, and
(−1)ˆpq µˆzpq obeying the relation∏
〈st〉3p
µˆxst = eˆ
Z2
p (A12)
for all p. Here, gˆ
(0)
p and
ˆ˜P gp are the defined by their action
on a configuration state:
gˆ(0)p
∣∣h(`p)p 〉 = ∣∣(gh)(`p)p 〉 (A13)
and
ˆ˜P gp
∣∣{h(`q)q }〉 = δgp,hp ∣∣{h(`q)q }〉. (A14)
In words, gˆ
(0)
p is the operator that multiplies by g(0) at
vertex p and acts as the identity elsewhere, while ˆ˜P gp is
the projector onto the subspace spanned by states with
configuration g(0) or g(1) at vertex p.
Finally, ˆpq, appearing in the generator (−1)ˆpq µˆzpq, is
given by
ˆpq
∣∣{g(mr)r }〉 = ((g(mp)p )−1g(mq)q )∣∣{g(mr)r }〉. (A15)
It can be checked that products of gˆ
(0)
p ,
ˆ˜P gp µˆ
x
pq, and
(−1)ˆpq µˆzpq span all gauge invariant operators.
b. Algebra of unconstrained operators Aunconstrained
We will represent Aunconstrained on a tensor product
Hilbert space comprised of G degrees of freedom |gp〉 on
vertices and spin- 12 degrees of freedom on links. The gen-
erators of this operator algebra acting on vertex Hilbert
spaces are gˆp and Pˆ
g
p defined by
gˆp|hp〉 = |(gh)p〉 (A16)
and
Pˆ gp |{hq}〉 = δgp,hp |{hq}〉. (A17)
We take generators acting on the link Hilbert spaces to
be the Pauli operators Xˆpq and Zˆpq.
c. Isomorphism of Aconstrained with Aunconstrained
An isomorphism of Aconstrained with Aunconstrained is
given by the map of generators:
eˆZ2p ←→
∏
〈st〉3p
Xˆst
gˆ(0)p ←→ gˆp
∏
〈tq〉
t=p
Xˆ
ξˆ
gp
tq
tq
∏
〈qt〉
t=p
Xˆ
ξˆ
gp
qt
qt
ˆ˜P gp ←→ Pˆ gp
µˆxpq ←→ Xˆpq
(−1)ˆpq µˆzpq ←→ Zˆpq
(A18)
where ξˆ
gp
pq and ξˆ
gp
qp are defined by
gˆ(0)p (−1)ˆpq = (−1)ξˆ
gp
pq (−1)ˆpq gˆ(0)p (A19)
and
gˆ(0)p (−1)ˆqp = (−1)ξˆ
gp
qp (−1)ˆqp gˆ(0)p . (A20)
Explicitly, ξˆ
gp
pq and ξˆ
gp
qp act on configuration states as
ξˆgppq |{ht}〉 = (A21)
(n(1, hp, hq) + n(1, gp, gphp) + n(1, gphp, hq))|{ht}〉
and
ξˆgpqp |{ht}〉 = (A22)
(n(1, hq, hp) + n(1, gp, gphp) + n(1, hq, gphp))|{ht}〉.
ξˆ
gp
pq and ξˆ
gp
qp defined in this way ensure that the com-
mutation relations exhibited by gˆ
(0)
p and (−1)ˆpq µˆzpq are
mirrored on the right hand side of the mapping (A18).
Note that the isomorphism is well defined since, for all p,
the relation ∏
〈st〉3p
µˆxst = eˆ
Z2
p (A23)
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is mapped to the identity.
Now, given a system described in terms of the oper-
ators in Aconstrained, one can rewrite it as a system in
terms of the operators belonging to Aunconstrained. In
particular, we can apply this isomorphism to Hˆgauged to
obtain Hˆ ′b acting on an unconstrained Hilbert space. Hˆ
′
b
has the ground state
Ψb({gp}, {Zpq}) = (A24)∏
〈pqr〉
νopqr (gp, gq, gr, 1)Z
n(gq,gr,1)
pq
×
∏
〈pqr〉
δWpqr,(−1)n(gp,gq,gr)
h({Zpq(−1)n(1,gp,gq)}),
which is precisely the ground state of the bosonic shadow
theory identified in section II C.
3. Fermionizability of ‘standard’ Hamiltonian
To conclude this appendix, we prove that Hˆ ′b is
fermionizable, i.e. Hˆ ′b commutes with the modified
Gauss’s law Gˆp for all sites p. To do this, we first note
that HˆSPT in (A2) commutes with
UˆSPTeˆ
Z2
p Uˆ
†
SPT (A25)
which follows simply from the fact that eˆZ2p commutes
with Pˆ symp . After gauging the Z2 subgroup of G˜, Hˆ ′b
must commute with the gauged version of (A25), which,
using the definition of α along with δn = 0 we find to be
equal to ∏
〈tqr〉
t=p
(−1)nˆpqr
∏
〈st〉3p
Xˆst. (A26)
Next, we see that (A7), the term penalizing µz-flux in
triangle 〈pqr〉, turns into
J(−1)nˆpqr ZˆpqZˆqrZˆpr. (A27)
when written in terms of the unconstrained variables
(here we used the definition of the group law of G˜ to
simplify the expression).
Then, multiplying the operator in (A26) by the prod-
uct of the terms in (A27) over all triangles whose first
vertex is p yields an operator proportional to∏
〈tqr〉
t=p
Wˆtqr
∏
〈st〉3p
Xˆst, (A28)
which is just Gˆp, as defined in (3). Since the Hamiltonian
Hˆ ′b commutes with both (A27) and (A26), it must com-
mute with Gˆp as well. Thus Hˆ
′
b is fermionizable. How-
ever, explicitly fermionizing it is unwieldy in general, as
we do not have an explicit expression for it in terms of
the modified Gauss’s law invariant operators Wˆpqr and
Uˆpq. For this reason, we constructed and worked with
the parent Hamiltonian Hˆb in section II D instead.
Appendix B: Symmetry of the shadow model
Hamiltonian
In this appendix we prove that Hˆb is G-symmetric, as
claimed in section II D. It follows that the fermionic SPT
Hamiltonian Hˆf constructed in section III D is also G-
symmetric, since the fermionization procedure commutes
with the global G-symmetry action. Concretely, letting
Vˆ (g) be the global symmetry operator representing g ∈ G
and acting as
|gp〉 → |ggp〉 (B1)
on every vertex degree of freedom, we will show that Vˆ (g)
commutes with Hˆb.
Recall that
Hˆb = UˆbHˆ
0
bUˆ
†
b (B2)
so that
Vˆ (g)HˆbVˆ
†(g) =
(
Vˆ (g)UˆbVˆ
†(g)
)
Hˆ0b
(
Vˆ (g)Uˆ†bVˆ
†(g)
)
(B3)
where we have used that Hˆ0b is symmetric.
Let us now compute Vˆ (g)UˆbVˆ
†(g). In (20), Uˆb was
defined as
Uˆb =
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr , (B4)
with the operators νˆ
opqr
pqr and nˆpr defined just below (20).
To proceed, it is useful to first re-express Uˆb in terms
of the generators of the bosonic algebra Abos. Following
(45), the result is
Uˆb = κˆ
∏
〈pq〉
Uˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr . (B5)
Here, κ is a unitary operator that acts as multiplication
by a {|gp〉}-dependent eigenvalue and whose explicit form
will not be required.
Conjugating by Vˆ (g) gives
Vˆ (g)UˆbVˆ
†(g) = φˆκˆ
∏
〈pq〉
Uˆ
nˆgpq
pq
∏
〈pqr〉
Wˆ
nˆgpr
pqr . (B6)
Here φˆ and nˆgpq are operators that act as multiplication
by a {|gp〉}-dependent eigenvalue. φˆ is unitary and its ex-
plicit form will again not be required, whereas the eigen-
value of nˆgpq is n(g
−1gp, g−1gq, 1) = n(gp, gq, g). The co-
cycle condition δn = 0 gives
n(gp, gq, g) = n(gp, 1, g) + n(gq, 1, g) + n(gp, gq, 1).
(B7)
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Thus, nˆgpq decomposes into three diagonal operators cor-
responding to the terms in (B7), i.e.
nˆgpq = nˆ
g
p + nˆ
g
q + nˆpq. (B8)
If we substitute for nˆgpq and do some rearranging, the
right hand side of (B6) becomes
φˆ′Uˆb
∏
〈pq〉
Uˆ
nˆgp+nˆ
g
q
pq
∏
〈pqr〉
Wˆ
nˆgp+nˆ
g
r
pqr (B9)
where, again, φˆ′ multiplies by a {|gp〉}-dependent eigen-
value whose precise form will not be required. It is a
combination of φˆ and a phase picked up in commuting
the Uˆpq operators.
Next, the product of Uˆpq in (B9) can be re-organized
so that (B9) is
φˆ′′Uˆb
∏
p
∏
〈tq〉
t=p
Uˆtq
∏
〈qt〉
t=p
Uˆqt

nˆgp ∏
〈pqr〉
Wˆ
nˆgp+nˆ
g
r
pqr . (B10)
φˆ′′ is yet another diagonal operator in the configuration
basis. Employing the identity (34), we thus find that
Vˆ (g)UˆbVˆ
†(g) is equal to
φˆ′′Uˆb
∏
p
Gˆp ∏
〈tqr〉
t=p
Wˆtqr
∏
〈qrt〉
t=p
Wˆqrt

nˆgp ∏
〈pqr〉
Wˆ
nˆgp+nˆ
g
r
pqr .
(B11)
The flux operators Wˆpqr in (B11) cancel, so we conclude
Vˆ (g)UˆbVˆ
†(g) = φˆ′′({gp})Uˆb
∏
p
Gˆ
nˆgp
p . (B12)
Next, we show that φˆ′′ in (B12) must be 1. Let us
denote the ground state of Hˆ0b with trivial holonomy by|Ψ0b〉. It is a tensor product of trivial symmetric states
1
|G|
∑
gp
|gp〉 (B13)
at vertices p with the trivial holonomy toric code ground
state for the Zpq degrees of freedom. The latter is just a
superposition of all trivial holonomy Zpq configurations
with trivial Z2-flux Wpqr at every triangle. We then have
the following chain of equalities
|Ψ0b〉 = Vˆ (g)|Ψ0b〉 (B14)
= Vˆ (g)Uˆb
†Uˆb|Ψ0b〉
= Vˆ (g)Uˆb
†Vˆ †(g)Uˆb|Ψ0b〉
= φˆ′′∗Uˆb†Uˆb|Ψ0b〉
= φˆ′′∗|Ψ0b〉.
In the first equality we used that |Ψ0b〉 is symmetric, and
in the third equality we used that Uˆb|Ψ0b〉 is symmetric.
The fourth equality uses (B12) and the fact that Uˆb|Ψ0b〉
belongs to the Gˆp = 1 eigenspace for all p.
Now, comparing the far left hand side and the far right
hand side of (B14), we can see that φˆ′′ is trivial as follows.
φˆ′′ is a diagonal operator in the configuration basis, while
|Ψ0b〉 contains an equal amplitude superposition over all
G configurations at vertices. For the equality to hold, it
must be that φˆ′′ has eigenvalue 1 on all configurations.
Hence, φˆ′′ = 1. Looking back at (B12), we therefore have
Vˆ (g)UˆbVˆ
†(g) = Uˆb
∏
p
Gˆ
nˆgp
p . (B15)
Substituting (B15) into (B3) and using the fact that Hˆ0b
commutes with Gˆp to cancel the factors of Gˆp, we find
Vˆ (g)HˆbVˆ
†(g) = Hˆb. (B16)
Therefore, Hˆb is symmetric, and Hˆf is symmetric since
fermionization commutes with the global G symmetry.
Appendix C: Graphical interpretation of spin
structure dependent relation
Here we prove that c(p), as defined in (37) and restated
here for convenience:∏
〈tq〉
t=p
Sˆ′tq
∏
〈qt〉
t=p
Sˆ′qt = c(p)
∏
〈tqr〉
t=p
(−1)Fˆtqr
∏
〈qrt〉
t=p
(−1)Fˆqrt , (C1)
is proportional to the identity operator, and equal to ±1
depending on whether the interpolating vector field V,
illustrated in FIG.9 has an even or odd winding number
about p. To see this, we first examine the two types of
links around p. There are links that are oriented towards
p and links that are oriented away from p. These two
types of links form domains as seen in FIG. 15. Domains
of outward pointing links are separated from domains
of inward pointing links by a triangle 〈qpr〉 where p is
the second vertex in the ordering. There are necessarily
an even number of triangles around p for which p is the
second vertex. We will call these types of triangles 〈qpr〉-
triangles, and we will think of them in pairs – the two
〈qpr〉-triangles on either side of an inward pointing do-
main forming a pair. Moving counter-clockwise around
p, we see that each pair results in a 2pi clockwise rota-
tion of the vector field V, relative to the outward normal.
Without any 〈qpr〉-triangles, all the links are oriented
towards p or they are all oriented away from p, and the
vector field rotates by 2pi. Therefore, the winding num-
ber of the interpolating vector field around p is, modulo
2, equal to 1− Nqpr2 , where Nqpr is the (even) number of
triangles for which p is the second vertex in the ordering.
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We will now show that c(p) is −(−1)Nqpr2 . In terms of
Majorana operators, the equation for c(p) is
c(p) =
∏
〈tq〉
t=p
iγLtqγRtq

∏
〈qt〉
t=p
iγLqtγRqt
 (C2)
×
∏
〈tqr〉
t=p
−iγtqrγtqr

∏
〈qrt〉
t=p
−iγqrtγqrt
 .
Each term in the products over links (the first two prod-
ucts on the right hand side of (C2)) has a factor of i.
The number of such factors of i is equivalent to the to-
tal number of triangles having p as a vertex. We can
thus assign each of these factors of i to a different trian-
gle having p as a vertex. Each term in the product over
〈pqr〉-triangles and 〈qrp〉-triangles (the last two products
on the right hand side of (C2)) contains a factor of −i.
After multiplying out all of the factors of i and −i we
are thus left only with an i for each 〈qpr〉-triangle. Since
these come in pairs we have
c(p) =(−1)Nqpr2 (C3)
×
∏
〈tq〉
t=p
γLtqγRtq

∏
〈qt〉
t=p
γLqtγRqt

×
∏
〈tqr〉
t=p
γtqrγtqr

∏
〈qrt〉
t=p
γqrtγqrt
 .
Next, we notice that the terms in the product over in-
ward pointing links all commute with each other. Like-
wise, the terms in the product over outward pointing
links all commute with each other. Therefore, we may
choose any ordering of the terms within each product.
We choose to have the inward pointing link terms to be
ordered counter-clockwise around p and for the outward
pointing link terms to be ordered clockwise as in FIG.
15. With this ordering, the two Majorana operators cor-
responding to each 〈pqr〉 triangle end up being positioned
next to each other in the product over outward pointing
links. Similarly, the two Majorana operators correspond-
ing to each 〈qrp〉 triangle end up positioned next to each
other in the product over inward pointing links. This ac-
counts for all but two of the Majorana operators in each
such product. The remaining two Majorana operators
appearing at the beginning and end of each product are
located respectively on the two 〈qpr〉-triangles bordering
each domain. Numbering the inward oriented domains
by a domain index d = 1, . . . , D, we then (by a slight
abuse of notation) re-label these 〈qpr〉-triangle Majorana
operators by γd, γd, as illustrated in figure 15. Note that
this labeling scheme accounts for only one Majorana op-
erator located on each 〈qpr〉-triangles; the other one does
d = 1
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<latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk 3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCw jhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="tD4eUbXHLvJKgaJdyxNTWoghwQs=">AAAB3nicbZDNSgMxFIXv1L9aq45u3QSL4KrMdKMuBMGNy4qOLbRDyWTutKGZzJBkhDL0Edy4UPGx3Pk2pj8LbT0Q+Dgn IfeeKBdcG8/7diobm1vbO9Xd2l59/+DQPao/6axQDAOWiUx1I6pRcImB4UZgN1dI00hgJxrfzvLOMyrNM/loJjmGKR1KnnBGjbUe4uvWwG14TW8usg7+EhqwVHvgfvXjjBUpSsME1brne7kJS6oMZwKntX6hMadsTIfYsyhpijos56NOyZl1YpJkyh5pyNz9/aKkqdaTNLI3U2pGejWbmf9lvcIkl2HJZV4YlGzxUVIIYjIy25vEXCEzYmKBMsXtrISNqKLM2HZqtgR/deV1CFrNq6Z/70 EVTuAUzsGHC7iBO2hDAAyG8AJv8O4I59X5WLRVcZa1HcMfOZ8/EemL6w==</latexit><latexit sha1_base64="tD4eUbXHLvJKgaJdyxNTWoghwQs=">AAAB3nicbZDNSgMxFIXv1L9aq45u3QSL4KrMdKMuBMGNy4qOLbRDyWTutKGZzJBkhDL0Edy4UPGx3Pk2pj8LbT0Q+Dgn IfeeKBdcG8/7diobm1vbO9Xd2l59/+DQPao/6axQDAOWiUx1I6pRcImB4UZgN1dI00hgJxrfzvLOMyrNM/loJjmGKR1KnnBGjbUe4uvWwG14TW8usg7+EhqwVHvgfvXjjBUpSsME1brne7kJS6oMZwKntX6hMadsTIfYsyhpijos56NOyZl1YpJkyh5pyNz9/aKkqdaTNLI3U2pGejWbmf9lvcIkl2HJZV4YlGzxUVIIYjIy25vEXCEzYmKBMsXtrISNqKLM2HZqtgR/deV1CFrNq6Z/70 EVTuAUzsGHC7iBO2hDAAyG8AJv8O4I59X5WLRVcZa1HcMfOZ8/EemL6w==</latexit><latexit sha1_base64="qx8euN+Dk/e8trjG4JSEE2CQO6M=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkv6kEoevFY0dhCG8pmM2mXbjZhdyOU0p/gxYOKV/+RN/+N2zYHbX0w8Hhv hpl5YSa4Nq777aysrq1vbJa2yts7u3v7lYPDR53miqHPUpGqdkg1Ci7RN9wIbGcKaRIKbIXDm6nfekKleSofzCjDIKF9yWPOqLHSfXRV71Wqbs2dgSwTryBVKNDsVb66UcryBKVhgmrd8dzMBGOqDGcCJ+VurjGjbEj72LFU0gR1MJ6dOiGnVolInCpb0pCZ+ntiTBOtR0loOxNqBnrRm4r/eZ3cxBfBmMssNyjZfFGcC2JSMv2bRFwhM2JkCWWK21sJG1BFmbHplG0I3uLLy8Sv1y5r3p 1bbVwXaZTgGE7gDDw4hwbcQhN8YNCHZ3iFN0c4L8678zFvXXGKmSP4A+fzByfMjTs=</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit><latexit sha1_base64="qAU/meNIq2Z0jHFJLB2PjYtJ49s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFY0ttKFsNpt26WY37G6EEvoTvHhQ8eo/8ua/cdvmoK0PBh7v zTAzL0w508Z1v53Syura+kZ5s7K1vbO7V90/eNQyU4T6RHKpOiHWlDNBfcMMp51UUZyEnLbD0c3Ubz9RpZkUD2ac0iDBA8FiRrCx0n101ehXa27dnQEtE68gNSjQ6le/epEkWUKFIRxr3fXc1AQ5VoYRTieVXqZpiskID2jXUoETqoN8duoEnVglQrFUtoRBM/X3RI4TrcdJaDsTbIZ60ZuK/3ndzMQXQc5EmhkqyHxRnHFkJJr+jSKmKDF8bAkmitlbERlihYmx6VRsCN7iy8vEb9Qv69 7dWa15XaRRhiM4hlPw4ByacAst8IHAAJ7hFd4c7rw4787HvLXkFDOH8AfO5w8pDI0/</latexit>
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<latexit sha1_base64="jErpQJ/ZBMklIM+zqQ+NYSFN7t8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oUy2m3bp7ibuboQS+ie8eFD x6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940EmmCA1IwhPVjlBTziQNDDOctlNFUUSctqLRzdRvPVGlWSLvzTilocCBZDEjaKzU7g5QCOz5vWrNq3szuMvEL0gNCjR71a9uPyGZoNIQjlp3fC81YY7KMMLppNLNNE2RjHBAO5ZKFFSH+ezeiXtilb4bJ8qWNO5M/T2Ro9B6LCLbKdAM9aI3Ff/zOpmJ L8OcyTQzVJL5ojjjrknc6fNunylKDB9bgkQxe6tLhqiQGBtRxYbgL768TIKz+lXdvzuvNa6LNMpwBMdwCj5cQANuoQkBEODwDK/w5jw6L8678zFvLTnFzCH8gfP5Axwdj40=</latexit><latexit sha1_base64="jErpQJ/ZBMklIM+zqQ+NYSFN7t8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oUy2m3bp7ibuboQS+ie8eFD x6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940EmmCA1IwhPVjlBTziQNDDOctlNFUUSctqLRzdRvPVGlWSLvzTilocCBZDEjaKzU7g5QCOz5vWrNq3szuMvEL0gNCjR71a9uPyGZoNIQjlp3fC81YY7KMMLppNLNNE2RjHBAO5ZKFFSH+ezeiXtilb4bJ8qWNO5M/T2Ro9B6LCLbKdAM9aI3Ff/zOpmJ L8OcyTQzVJL5ojjjrknc6fNunylKDB9bgkQxe6tLhqiQGBtRxYbgL768TIKz+lXdvzuvNa6LNMpwBMdwCj5cQANuoQkBEODwDK/w5jw6L8678zFvLTnFzCH8gfP5Axwdj40=</latexit><latexit sha1_base64="jErpQJ/ZBMklIM+zqQ+NYSFN7t8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oUy2m3bp7ibuboQS+ie8eFD x6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940EmmCA1IwhPVjlBTziQNDDOctlNFUUSctqLRzdRvPVGlWSLvzTilocCBZDEjaKzU7g5QCOz5vWrNq3szuMvEL0gNCjR71a9uPyGZoNIQjlp3fC81YY7KMMLppNLNNE2RjHBAO5ZKFFSH+ezeiXtilb4bJ8qWNO5M/T2Ro9B6LCLbKdAM9aI3Ff/zOpmJ L8OcyTQzVJL5ojjjrknc6fNunylKDB9bgkQxe6tLhqiQGBtRxYbgL768TIKz+lXdvzuvNa6LNMpwBMdwCj5cQANuoQkBEODwDK/w5jw6L8678zFvLTnFzCH8gfP5Axwdj40=</latexit><latexit sha1_base64="jErpQJ/ZBMklIM+zqQ+NYSFN7t8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjC20oUy2m3bp7ibuboQS+ie8eFD x6u/x5r9x2+agrQ8GHu/NMDMvSjnTxvO+ndLK6tr6RnmzsrW9s7tX3T940EmmCA1IwhPVjlBTziQNDDOctlNFUUSctqLRzdRvPVGlWSLvzTilocCBZDEjaKzU7g5QCOz5vWrNq3szuMvEL0gNCjR71a9uPyGZoNIQjlp3fC81YY7KMMLppNLNNE2RjHBAO5ZKFFSH+ezeiXtilb4bJ8qWNO5M/T2Ro9B6LCLbKdAM9aI3Ff/zOpmJ L8OcyTQzVJL5ojjjrknc6fNunylKDB9bgkQxe6tLhqiQGBtRxYbgL768TIKz+lXdvzuvNa6LNMpwBMdwCj5cQANuoQkBEODwDK/w5jw6L8678zFvLTnFzCH8gfP5Axwdj40=</latexit>
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<latexit sha1_base64="izlX1/KYl2lgjUydBaA7P6RO/pU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCsYU2lsl20y7d3YTdjVJC/4 cXDype/THe/Ddu2xy09cHA470ZZuZFKWfaeN63s7S8srq2Xtoob25t7+xW9vbvdZIpQgOS8ES1ItSUM0kDwwynrVRRFBGnzWh4PfGbj1Rplsg7M0ppKLAvWcwIGis9dCJUeaePQuC463crVa/mTeEuEr8gVSjQ6Fa+Or2EZIJKQzhq3fa91IQ5KsMIp+NyJ9M0RTLEPm1bKlFQHebTq8fusVV6bpwoW9K4U/X3RI5C 65GIbKdAM9Dz3kT8z2tnJr4IcybTzFBJZovijLsmcScRuD2mKDF8ZAkSxeytLhmgQmJsUGUbgj//8iIJTmuXNf/2rFq/KtIowSEcwQn4cA51uIEGBEBAwTO8wpvz5Lw4787HrHXJKWYO4A+czx/ox5JS</latexit><latexit sha1_base64="izlX1/KYl2lgjUydBaA7P6RO/pU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCsYU2lsl20y7d3YTdjVJC/4 cXDype/THe/Ddu2xy09cHA470ZZuZFKWfaeN63s7S8srq2Xtoob25t7+xW9vbvdZIpQgOS8ES1ItSUM0kDwwynrVRRFBGnzWh4PfGbj1Rplsg7M0ppKLAvWcwIGis9dCJUeaePQuC463crVa/mTeEuEr8gVSjQ6Fa+Or2EZIJKQzhq3fa91IQ5KsMIp+NyJ9M0RTLEPm1bKlFQHebTq8fusVV6bpwoW9K4U/X3RI5C 65GIbKdAM9Dz3kT8z2tnJr4IcybTzFBJZovijLsmcScRuD2mKDF8ZAkSxeytLhmgQmJsUGUbgj//8iIJTmuXNf/2rFq/KtIowSEcwQn4cA51uIEGBEBAwTO8wpvz5Lw4787HrHXJKWYO4A+czx/ox5JS</latexit><latexit sha1_base64="izlX1/KYl2lgjUydBaA7P6RO/pU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCsYU2lsl20y7d3YTdjVJC/4 cXDype/THe/Ddu2xy09cHA470ZZuZFKWfaeN63s7S8srq2Xtoob25t7+xW9vbvdZIpQgOS8ES1ItSUM0kDwwynrVRRFBGnzWh4PfGbj1Rplsg7M0ppKLAvWcwIGis9dCJUeaePQuC463crVa/mTeEuEr8gVSjQ6Fa+Or2EZIJKQzhq3fa91IQ5KsMIp+NyJ9M0RTLEPm1bKlFQHebTq8fusVV6bpwoW9K4U/X3RI5C 65GIbKdAM9Dz3kT8z2tnJr4IcybTzFBJZovijLsmcScRuD2mKDF8ZAkSxeytLhmgQmJsUGUbgj//8iIJTmuXNf/2rFq/KtIowSEcwQn4cA51uIEGBEBAwTO8wpvz5Lw4787HrHXJKWYO4A+czx/ox5JS</latexit><latexit sha1_base64="izlX1/KYl2lgjUydBaA7P6RO/pU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCsYU2lsl20y7d3YTdjVJC/4 cXDype/THe/Ddu2xy09cHA470ZZuZFKWfaeN63s7S8srq2Xtoob25t7+xW9vbvdZIpQgOS8ES1ItSUM0kDwwynrVRRFBGnzWh4PfGbj1Rplsg7M0ppKLAvWcwIGis9dCJUeaePQuC463crVa/mTeEuEr8gVSjQ6Fa+Or2EZIJKQzhq3fa91IQ5KsMIp+NyJ9M0RTLEPm1bKlFQHebTq8fusVV6bpwoW9K4U/X3RI5C 65GIbKdAM9Dz3kT8z2tnJr4IcybTzFBJZovijLsmcScRuD2mKDF8ZAkSxeytLhmgQmJsUGUbgj//8iIJTmuXNf/2rFq/KtIowSEcwQn4cA51uIEGBEBAwTO8wpvz5Lw4787HrHXJKWYO4A+czx/ox5JS</latexit>
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<latexit sha1_base64="40ar9PJGhP4Dihf9yBSuXmngfbc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQxDLZbtqlu5uwu1FK6P/w4k HFqz/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJwJNOZPUN8xw2kkVBRFx2o5G11O//UiVZom8M+OUhgIGksWMgLHSQxCByoMBCAGTXqNXrbl1dwa8TLyC1FCBVq/6FfQTkgkqDeGgdddzUxPmoAwjnE4qQaZpCmQEA9q1VIKgOsxnV0/wiVX6OE6ULWnwTP09kYPQeiwi2ynADPWi NxX/87qZiS/CnMk0M1SS+aI449gkeBoB7jNFieFjS4AoZm/FZAgKiLFBVWwI3uLLy8Rv1C/r3u1ZrXlVpFFGR+gYnSIPnaMmukEt5COCFHpGr+jNeXJenHfnY95acoqZQ/QHzucP6kqSUw==</latexit><latexit sha1_base64="40ar9PJGhP4Dihf9yBSuXmngfbc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQxDLZbtqlu5uwu1FK6P/w4k HFqz/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJwJNOZPUN8xw2kkVBRFx2o5G11O//UiVZom8M+OUhgIGksWMgLHSQxCByoMBCAGTXqNXrbl1dwa8TLyC1FCBVq/6FfQTkgkqDeGgdddzUxPmoAwjnE4qQaZpCmQEA9q1VIKgOsxnV0/wiVX6OE6ULWnwTP09kYPQeiwi2ynADPWi NxX/87qZiS/CnMk0M1SS+aI449gkeBoB7jNFieFjS4AoZm/FZAgKiLFBVWwI3uLLy8Rv1C/r3u1ZrXlVpFFGR+gYnSIPnaMmukEt5COCFHpGr+jNeXJenHfnY95acoqZQ/QHzucP6kqSUw==</latexit><latexit sha1_base64="40ar9PJGhP4Dihf9yBSuXmngfbc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQxDLZbtqlu5uwu1FK6P/w4k HFqz/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJwJNOZPUN8xw2kkVBRFx2o5G11O//UiVZom8M+OUhgIGksWMgLHSQxCByoMBCAGTXqNXrbl1dwa8TLyC1FCBVq/6FfQTkgkqDeGgdddzUxPmoAwjnE4qQaZpCmQEA9q1VIKgOsxnV0/wiVX6OE6ULWnwTP09kYPQeiwi2ynADPWi NxX/87qZiS/CnMk0M1SS+aI449gkeBoB7jNFieFjS4AoZm/FZAgKiLFBVWwI3uLLy8Rv1C/r3u1ZrXlVpFFGR+gYnSIPnaMmukEt5COCFHpGr+jNeXJenHfnY95acoqZQ/QHzucP6kqSUw==</latexit><latexit sha1_base64="40ar9PJGhP4Dihf9yBSuXmngfbc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQxDLZbtqlu5uwu1FK6P/w4k HFqz/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJwJNOZPUN8xw2kkVBRFx2o5G11O//UiVZom8M+OUhgIGksWMgLHSQxCByoMBCAGTXqNXrbl1dwa8TLyC1FCBVq/6FfQTkgkqDeGgdddzUxPmoAwjnE4qQaZpCmQEA9q1VIKgOsxnV0/wiVX6OE6ULWnwTP09kYPQeiwi2ynADPWi NxX/87qZiS/CnMk0M1SS+aI449gkeBoB7jNFieFjS4AoZm/FZAgKiLFBVWwI3uLLy8Rv1C/r3u1ZrXlVpFFGR+gYnSIPnaMmukEt5COCFHpGr+jNeXJenHfnY95acoqZQ/QHzucP6kqSUw==</latexit>
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FIG. 15. The inward oriented domains consisting of 〈qrp〉-
triangles are shaded in green, and the outward oriented do-
mains consisting of 〈pqr〉-triangles are shaded in purple. The
green (purple) arrows show the ordering of the product over
inward (outward) oriented links in (C3). We have also shown
one of the two Majorana operators associated with each 〈qpr〉-
triangle, and re-labeled it with the subscript d that labels in-
ward pointing domains in order to make subsequent notation
convenient. The reason for only showing one of the two Ma-
jorana operators is that the one we have shown is the only
one that enters into the computation of c(p).
not appear in the expression for c(p) and hence plays no
role in the following. Moving the γd operators past the
(even number of) other terms in each product, we obtain
c(p) =(−1)Nqpr2 (C4)
×
(
D∏
d=1
γd+1γd
)∏
〈tqr〉
t=p
γtqrγtqr

×
(
D∏
d=1
γdγd
)∏
〈qrt〉
t=p
γqrtγqrt

×
∏
〈tqr〉
t=p
γtqrγtqr

∏
〈qrt〉
t=p
γqrtγqrt

where the subscript D + 1 is meant to be read as 1.
After canceling the Majorana bilinears corresponding
to 〈pqr〉-triangles and 〈qrp〉-triangles (last line in the
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product above), we find
c(p) = (−1)Nqpr2
(
D∏
d=1
γd+1γd
)(
D∏
d=1
γdγd
)
(C5)
= −(−1)Nqpr2 γD
(
D−1∏
d=1
γd+1γd
)
γ1
(
D∏
d=1
γdγd
)
= −(−1)Nqpr2
(
D∏
d=1
γdγd
)(
D∏
d=1
γdγd
)
= −(−1)Nqpr2 .
As we argued at the beginning of this appendix,
−(−1)Nqpr2 is precisely −1 raised to the power of the
winding number of the interpolating vector field V. Thus,
we have proved the claim: c(p) is −1 when the interpo-
lating vector field has an odd winding number at p and
c(p) is 1 otherwise.
Appendix D: Fermion condensation and
fermionization
In this appendix, we will illustrate that the fermioniza-
tion duality outlined in section III and first described in
Ref. [15], can be interpreted as a fermion condensation
procedure for certain lattice Hamiltonians.
Fermion condensation has been thouroughly studied
using a spacetime formulation [18] and admits the fol-
lowing intuitive picture. We begin with a bosonic sys-
tem with emergent fermions and introduce a system with
bonafide physical fermions. Next, we pair each emergent
fermion with a physical fermion and the composite exci-
tation, having bosonic statistics, is then condensed. This
results in a fermionic theory in which all particles braid-
ing with the emergent fermion have been confined. As
argued in Ref. [3], it outputs a supercohomology SPT
phase when applied to the corresponding bosonic shadow
theory.
To see the relation with the fermionization duality de-
scribed in the main text, we must first develop fermion
condensation at the lattice Hamiltonian level. To do so,
we consider Hamiltonians defined on a Hilbert space con-
sisting of spin- 12 degrees of freedom on links, the same
as that of the bosonic shadow models defined in section
II, and we assume that the Hamiltonians commute with
Gˆp, for all vertices p. The restriction to Hamiltonians
that commute with Gˆp can be motivated by interpreting
Gˆp as a short closed emergent fermion string operator
around the vertex p. Thus, the Hamiltonians considered
here have a particular emergent fermion string operator,
which we describe in detail below. We note that this
particular string operator creates emergent fermion ex-
citations in the bosonic shadow models constructed in
section II, since those models commute with Gˆp.
We define the emergent fermion string operator
ˆ˜
UΓ by
ˆ˜
UΓ ≡
∏
〈pq〉∈Γ
ˆ˜
Upq, (D1)
where Γ is a path in the dual lattice and
ˆ˜
Upq is
ˆ˜
Upq ≡ Xˆpq ˆ˜KLpq ˆ˜KRpq . (D2)
The action of
ˆ˜
KRpq is dependent upon the triangle Rpq
to the right of 〈pq〉. If the triangle to the right of 〈pq〉
has vertex ordering 〈pqr〉, with p and q being the first
and second vertices, respectively, then KˆRpq acts as Zˆqr.
Otherwise, KˆRpq = 1. The action of KˆLpq is defined
similarly but with ‘right’ replaced with ‘left’. Intuitively,
ˆ˜
Upq creates a pair of Z2 fluxes and moves Z2 charges
so that they are bound to the fluxes at the third vertex
in the vertex ordering. Letting Γ be a path in the dual
lattice around the vertex p, we find that
ˆ˜
UΓ is equal to
Gˆp up to an inconsequential sign.
We may now describe the fermion condensation pro-
cedure for a Hamiltonian Hˆ which commutes with Gˆp.
First, as Uˆpq and Wˆpqr generate all the local operators
that commute with Gˆp, Hˆ can be expressed in terms of
Uˆpq and Wˆpqr. To make this explicit, we write Hˆ as
Hˆ(Uˆpq, Wˆpqr). Next, we introduce fermionic degrees of
freedom into our system by adding a complex fermion
degree of freedom to each triangle. The fermion parity
even operators are generated by fermion parity (−1)Fˆpqr
and hopping operators Sˆpq. Here, Sˆpq includes the spin
structure related sign for edges in E , as described in sec-
tion III C.
The next step in fermion condensation is to bind phys-
ical fermions to emergent fermion excitations and to con-
dense the composite particles. The binding of physical
fermions to emergent fermion excitations is accomplished
by replacing Wˆpqr with Wˆpqr(−1)Fˆpqr so that
Hˆ(Uˆpq, Wˆpqr) −→ Hˆ(Uˆpq, Wˆpqr(−1)Fˆpqr ). (D3)
In the resulting system, a pair of emergent fermions can
be created for free as long as there is a physical fermion
attached to each emergent fermion. As a consequence,
the Hamiltonian becomes highly degenerate. This de-
generacy, however, is eliminated by adding a term that
proliferates emergent fermion-physical fermion pairs. A
pair of composite excitations is created by the operator
ˆ˜
UpqSˆpq, so the term
−J
∑
〈pq〉
ˆ˜
UpqSˆpq, J > 0 (D4)
energetically prefers states where the composite excita-
tions have been proliferated. Adding the term in D4 to
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the Hamiltonian, we have
Hˆ(Uˆpq, Wˆpqr(−1)Fˆpqr )
−→ Hˆ(Uˆpq, Wˆpqr(−1)Fˆpqr )− J
∑
〈pq〉
ˆ˜
UpqSˆpq.
(D5)
One may be concerned that the J-term will not prolif-
erate the composite excitations as promised due to pos-
sible competition with Hˆ(Uˆpq, Wˆpqr(−1)Fˆpqr ). However,
it can be shown that Uˆpq commutes with
ˆ˜
Ust for every
〈st〉 and Wˆpqr(−1)Fˆpqr commutes with ˆ˜UstSˆst for every
〈st〉. Therefore, Hˆ(Uˆpq, Wˆpqr(−1)Fˆpqr ) commutes with
−J∑〈pq〉 ˆ˜UpqSˆpq and the J-term is indeed minimized in
the ground state.
Finally, we drive the system deep into the fermion con-
densed regime and consider the limit as J → ∞. In the
resulting effective Hilbert space,
ˆ˜
UpqSˆpq = 1 for all 〈pq〉.
Thus, in this effective Hilbert space, the Hamiltonian acts
as
Hˆ(Uˆpq
ˆ˜
UpqSˆpq, Wˆpqr(−1)Fˆpqr ), (D6)
where we have inserted
ˆ˜
UpqSˆpq = 1 and removed the
J-term. Relabeling Wˆpqr(−1)Fˆpqr as (−1)
ˆ˜
Fpqr (note the
tilde above F ) and Uˆpq
ˆ˜
UpqSˆpq as
ˆ˜
Spq, we have
Hˆ(
ˆ˜
Spq, (−1)
ˆ˜
Fpqr ). (D7)
(−1) ˆ˜Fpqr and ˆ˜Spq satisfy the same commutation relations
as fermion parity operators (−1)Fˆpqr and hopping oper-
ators Sˆpq, respectively, and it can be checked that they
satisfy a relation analogous to (39).
Functionally, our prescription for fermion condensation
maps a Hamiltonian Hˆ(Uˆpq, Wˆpqr) to Hˆ(
ˆ˜
S, (−1) ˆ˜Fpqr ). In
effect, we have replaced Uˆpq with
ˆ˜
Spq and Wˆpqr with
(−1) ˆ˜Fpqr , which is precisely the result of applying the
fermionization duality. Hence, we have shown that,
for Hamiltonians that commute with Gˆp, fermionization
agrees with fermion condensation.
We expect that the steps described above can be gen-
eralized to a wider class of emergent fermion string op-
erators. This may yield new fermionization dualities and
further extend our understanding of fermion condensa-
tion at the lattice level.
Appendix E: Ancillary spin- 1
2
degrees of freedom
and evaluation of the fermionic SPT Hamiltonian
In section III D, we presented the construction of a
fermionic SPT Hamiltonian obtained by conjugating a
trivial fermionic Hamiltonian by Uˆf. However, Uˆf was
written with an unspecified locally determined configu-
ration dependent sign κˆ. κˆ is dependent upon the trian-
gulation of the manifold as well as an ordering of oper-
ators. Here we discuss a work around to calculating κˆ
applicable to arbitrary triangulations.
Recall that κˆ is a consequence of rearranging terms in
Uˆb =
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr , (E1)
to make it manifestly fermionizable. We will show that
by adding ancillary spin- 12 degrees of freedom on triangles
and composing Uˆb with a certain trivial circuit, we can
reorganize the expression into a fermionizable operator
without accruing a sign.
To this end, let us add a spin- 12 degree of freedom
to each triangle so that in total we have G degrees of
freedom at vertices, a spin- 12 degree of freedom at every
link, and a spin- 12 at each triangle. The Pauli X and
Pauli Z operators acting on the spin- 12 at 〈pqr〉 will be
denoted as τˆxpqr and τˆ
z
pqr, respectively.
Next, we compose the operator in (E1) with a circuit
that acts trivially on the triangle spin-12 degrees of free-
dom. Namely, we compose with
1 =
∏
〈pqr〉
(
τˆzpqr
)nˆqr ∏
〈pqr〉
(
τˆxpqr
)nˆpq (E2)
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr
to obtain
Uˆτb ≡
∏
〈pqr〉
(
νˆopqrpqr Zˆ
nˆqr
pq
)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr (E3)
×
∏
〈pqr〉
(
τˆzpqr
)nˆqr ∏
〈pqr〉
(
τˆxpqr
)nˆpq
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr .
The circuit in (E2) is equal to the identity, and as such,
stacking it with Uˆb certainly does not affect the phase of
our system. However, we can use the anti-commutativity
of τˆzpqr and τˆ
x
pqr to make up for the anti-commutivity of
Zˆpq and Xˆpq. In particular, we arrange the τˆ
z
pqr and τˆ
x
pqr
so as to ‘dress’ the Zˆpq and Xˆpq and avoid incurring the
sign κˆ.
First, we move τˆzpqr operators next to the Zˆpq opera-
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tors:
Uˆτb =
∏
〈pqr〉
(
νˆopqrpqr
(
Zˆpq τˆ
z
pqr
)nˆqr)∏
〈pq〉
Xˆ nˆpqpq
∏
〈pqr〉
Wˆ nˆprpqr
(E4)
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr .
Next, we rewrite the product
∏
〈pqr〉
(
τˆxpqr
)nˆpq
as a
product over edges. This will allow us to dress the Xˆpq
terms appearing in a product over edges. To the 〈pq〉
edge of triangle 〈pqr〉 we associate the the operator τˆxpqr.
This gives∏
〈pqr〉
(
τˆxpqr
)nˆpq
=
∏
〈pq〉
(
AˆLpq AˆRpq
)nˆpq
, (E5)
where the action of AˆRpq , appearing in the formula above,
is determined as follows. If the triangle to the right of
〈pq〉 is 〈pqr〉, where p and q are the first and second
vertices, respectively, then AˆRpq acts as τˆ
x
pqr. Otherwise,
AˆRpq = 1. The action of AˆLpq is defined analogously but
we look at the triangle to the left of 〈pq〉 instead.
Now we write
Uˆτb =
∏
〈pqr〉
νˆopqrpqr
(
Zˆpq τˆ
z
pqr
)nˆqr
(E6)
×
∏
〈pq〉
(
XˆpqAˆLpq AˆRpq
)nˆpq ∏
〈pqr〉
Wˆ nˆprpqr
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr
.
One can check that Zˆpq τˆ
z
pqr and XˆpqAˆLpq AˆRpq commute.
Therefore, we are free to rearrange the Zˆpq τˆ
z
pqr and
XˆpqAˆLpq AˆRpq operators to form a product of Uˆpq (de-
fined in (33)) without picking up the sign κˆ.
Explicitly, rearranging yields
Uˆτb =
∏
〈pqr〉
νˆopqrpqr (E7)
×
∏
〈pq〉
(
UˆpqBˆLpq BˆRpq AˆLpq AˆRpq
)nˆpq ∏
〈pqr〉
Wˆ nˆprpqr
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr
,
where we have introduced BˆLpq and BˆRpq . BˆRpq is τˆ
z
rpq
when the triangle to the right is of the form 〈rpq〉, i.e.
p is the second vertex in the ordering and q is the third
vertex in the ordering. BˆRpq is 1 otherwise. BˆLpq is
defined analogously, but for the triangle to the left of
〈pq〉.
With a choice of spin structure to define the duality,
Uˆτb can be fermionized straightforwardly. If we let Sˆ
τ
pq be
SˆpqBˆLpq BˆRpq AˆLpq AˆRpq , then
Uˆτf =
∏
〈pqr〉
νˆopqrpqr (E8)
×
∏
〈pq〉
(
Sˆτpq
)nˆpq ∏
〈pqr〉
(
(−1)Fˆpqr
)nˆpr
×
∏
〈pqr〉
(
τˆxpqr
)nˆpq ∏
〈pqr〉
(
τˆzpqr
)nˆqr
.
A fermionic SPT Hamiltonian Hˆτf can be formed by
conjugating the trivial fermionic Hamiltonian
−
∑
p
Pˆ symp −
∑
〈pqr〉
(−1)Fˆpqr −
∑
〈pqr〉
τˆxpqr (E9)
by Uˆτf . Hˆ
τ
f acts identically to Hˆf on the vertex and com-
plex fermion degrees of freedom. We have simply encoded
the sign κˆ appearing in Hˆf in the ordering of the Pauli
operators of Hˆτf . Indeed, if one were to cancel the tri-
angle Pauli operators in (E8), one would obtain the sign
κˆ. In the end, we have arrived at an explicit form for
a Hamiltonian in the same phase as Hˆf for an arbitrary
triangulation of a 2+1D manifold with spin structure.
Appendix F: Supercohomology equivalence relation:
trivial fermionic finite depth circuit
In section IV C, we claimed that the supercohomology
data (n0, ν0) =
(
δβ, (−1)β∪δβδω) corresponds to a trivial
fermionic SPT phase. We prove this claim here by show-
ing that the finite depth circuit Uˆn0ν0b can be written in
terms of symmetric local unitaries, up to factors of Gˆp.
This implies that the fermionized circuit Uˆn0ν0f constructs
a trivial SPT ground state from a trivial product state be-
cause fermionization respects the G-symmetry and maps
Gˆp to the identity.
Plugging the data (n0, ν0) into the expression for Uˆb
(20) we obtain
Uˆn0ν0b =
∏
〈pqr〉
(−1)βˆpqδβˆqr (δωˆpqr)opqr (F1)
×
∏
〈pqr〉
Zˆδβˆqrpq
∏
〈pq〉
Xˆδβˆpqpq
∏
〈pqr〉
Wˆ δβprpqr ,
with δβˆpq and δωˆpqr defined by
δβˆpq|{gt}〉 = δβ(gp, gq, 1)|{gt}〉 (F2)
δωˆpqr|{gt}〉 = δω(gp, gq, gr, 1)|{gt}〉. (F3)
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Now we notice∏
〈pqr〉
(δω(gp,gq, gr, 1))
opqr = (F4)
=
∏
〈pqr〉
(
ω(gq, gr, 1)ω(gp, gq, 1)
ω(gp, gr, 1)ω(gp, gq, gr)
)opqr
=
∏
〈pqr〉
ω(gp, gq, gr)
−opqr .
The last equality follows from treating ω(gs, gt, 1) as
corresponding to the edge 〈st〉 and canceling factors of
ω(gs, gt, 1) from neighboring triangles. Therefore,∏
〈pqr〉
(δωˆpqr)
opqr =
∏
〈pqr〉
ωˆ−opqrpqr (F5)
for ωˆpqr:
ωˆpqr|{gt}〉 = ω(gp, gq, gr)|{gt}〉. (F6)
Using δβˆpq = βˆpq + βˆp + βˆq (with βˆpq and βˆp defined
in (73) and (74)) as well as the equality in (F5), Uˆn0ν0b
becomes
Uˆn0ν0b =
∏
〈pqr〉
ωˆ−opqrpqr
∏
〈pqr〉
(−1)βˆpq(βˆqr+βˆq+βˆr) (F7)
×
∏
〈pqr〉
Zˆ βˆqr+βˆq+βˆrpq
∏
〈pq〉
Xˆ βˆpq+βˆp+βˆqpq
∏
〈pqr〉
Wˆ βˆpr+βˆp+βˆrpqr ,
Rearranging and keeping track of the resulting sign we
have
Uˆn0ν0b =
∏
〈pqr〉
ωˆ−opqrpqr (F8)
×
∏
〈pqr〉
(−1)βˆpq(βˆqr+βˆq+βˆr)
∏
〈pqr〉
(−1)βˆqβˆpq+βˆrβˆpq
×
∏
〈pqr〉
Zˆ βˆqrpq
∏
〈pq〉
Xˆ βˆpqpq
∏
〈pqr〉
Wˆ βˆprpqr
×
∏
〈pqr〉
Zˆ βˆq+βˆrpq
∏
〈pq〉
Xˆ βˆp+βˆqpq
∏
〈pqr〉
Wˆ βˆp+βˆrpqr .
Next we write
∏
〈pq〉 Xˆ
βˆp+βˆq
pq in (F8) as a product over
vertices:
∏
〈pq〉
Xˆ βˆp+βˆqpq =
∏
p
 ∏
〈st〉3p
Xˆ
βˆp
st
 . (F9)
Further, one can check that∏
p
 ∏
〈st〉3p
Xˆ
βˆp
st
 ∏
〈pqr〉
Wˆ βˆppqr =
∏
p
Gˆβˆpp . (F10)
Hence, substituting (F10) in (F8) and canceling signs we
are left with
Uˆn0ν0b =
∏
〈pqr〉
ωˆ−opqrpqr
∏
〈pqr〉
(−1)βˆpqβˆqr (F11)
×
∏
〈pqr〉
Zˆ βˆqrpq
∏
〈pq〉
Xˆ βˆpqpq
∏
〈pqr〉
Wˆ βˆprpqr
×
∏
〈pqr〉
Zˆ βˆq+βˆrpq
∏
〈pqr〉
Wˆ βˆrpqr
∏
p
Gˆβˆpp .
The product
∏
〈pqr〉 Zˆ
βˆq+βˆr
pq
∏
〈pqr〉 Wˆ
βˆr
pqr above expressed
in terms of Zˆpq operators is∏
〈pqr〉
Zˆ βˆq+βˆrpq Zˆ
βˆr
pq Zˆ
βˆr
qr Zˆ
βˆr
pr =
∏
〈pqr〉
Zˆ βˆqpq Zˆ
βˆr
qr Zˆ
βˆr
pr (F12)
=
∏
〈pq〉
Zˆ βˆqpq Zˆ
βˆq
pq = 1.
With (F12) we finally have that
Uˆn0ν0b =
∏
〈pqr〉
ωˆ−opqrpqr
∏
〈pqr〉
(−1)βˆpqβˆqr (F13)
×
∏
〈pqr〉
Zˆ βˆqrpq
∏
〈pq〉
Xˆ βˆpqpq
∏
〈pqr〉
Wˆ βˆprpqr
∏
p
Gˆβˆpp ,
as claimed in section IV C.
The homogeneity of ω and β guarantees that the local
unitaries (not including
∏
p Gˆ
βˆp
p ) in (F13) are symmetric.
Fermionization commutes with the global symmetry op-
erator and it takes
∏
p Gˆ
βˆp
p to 1. Therefore, the resulting
circuit Uˆn0ν0f is a finite depth circuit built from sym-
metric local unitaries, and consequently, creates a trivial
fermionic SPT from a trivial product state.
Appendix G: Nonexistence of symmetric quantum
circuits for ‘beyond supercohomology’ phases
Here, we present an argument that the ground states
of the beyond supercohomology phases cannot be con-
structed from a trivial product state using a globally sym-
metric finite depth quantum circuit. It has been shown,
using a spacetime formulation, that the shadow models
for beyond supercohomology phases are symmetry en-
riched toric code phases with the property that certain
global symmetries transform e excitations into m exci-
tations and vice-versa [3 and 48]. We begin by giving
an independent argument that this property has to hold
for the lattice Hamiltonian shadow models associated to
a beyond supercohomology SPT. We also show how ex-
isting lattice Hamiltonian models for beyond supercoho-
mology phases, namely those of Ref. [46], can be slightly
modified so as to be amenable to our bosonization pro-
cedure. This argument can be generalized to show that
any lattice Hamiltonian SPT model can be modified so
27
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FIG. 16. (Far left) The beyond supercohomology models in Ref. [46] have G degrees of freedom (green dots) at vertices and
a single complex fermion degree of freedom (yellow dots) at each link. (a) We add an additional complex fermion degree of
freedom (hollow yellow circle) to each link and modify the Hamiltonian by adding a term that enforces zero fermion occupancy
at each of these additional sites. (b) We add links to the lattice to form the barycentric subdivision of our original triangulation.
(c) The links of the original lattice are removed in the bulk and we associate one complex fermion to each triangle of the resulting
lattice. The branching structure is determined by the branching structure of the original lattice. Importantly, the final Hilbert
space has a single complex fermion degree of freedom for each triangle. Note that the G degrees of freedom remain in place.
as to be bosonizable via our procedure. We then demon-
strate that this property of a global symmetry operator
exchanging e and m in the shadow model, together with
the assumption of the existence of a globally symmetric
finite depth circuit disentangling the ground state of the
original fermionic SPT, lead to a contradiction.
The beyond supercohomology models constructed in
Ref. [46] are not immediately bosonizable, because the
fermionic degrees of freedom live on the links instead of at
the centers of triangles. This can be remedied as follows.
First, we introduce a second complex fermion degree of
freedom at each link and add a term to the Hamiltonian
that energetically favors zero fermion occupancy at each
of the new complex fermion degrees of freedom. Func-
tionally, we have stacked an atomic insulator onto the
original system, so it remains in the same phase. Then,
we perform a barycentric subdivision of the lattice, re-
move the original lattice, and associate the two complex
fermions per link to different triangles. This procedure
is illustrated in FIG. 16. In this process, we have not
changed the dynamics of the system, and in the end, we
have a beyond supercohomology model which lives in the
same Hilbert space as the supercohomology models con-
structed in this paper, and hence is readily bosonizable.
Now we argue that bosonizing these beyond supercoho-
mology models gives symmetry enriched toric code mod-
els in which global symmetries convert e excitations into
m excitations. Key to this argument is the following
property of the symmetry action in beyond supercoho-
mology models with symmetry defects. For beyond su-
percohomology phases with symmetry G, there is an ad-
ditional piece of data relative to supercohomology phases
- a homomorphism σ : G → Z2. According to Refs.
[44, 46, and 48], the effective symmetry action near a
fermion parity defect is fermion parity odd when acting
with on-site symmetry operator Vˆ (g) representing g ∈ G
for which σ(g) is non-trivial.
We analyze this effect in our beyond supercohomol-
ogy models by inserting a pair of fermion parity defects
at well separated vertices a and b. Loosely, we create
the pair of fermion parity defects by choosing a path Γ
connecting a and b and modifying hopping operators in
the Hamiltonian corresponding to links in Γ. Heuristi-
cally, the modification of the Hamiltonian makes it so
that when a fermion moves around one of the fermion
parity defects, it picks up an extra −1 sign.
To include fermion parity defects, we first write the
beyond supercohomology model Hˆb.s. as a sum of local
terms
Hˆb.s. =
∑
j
hˆb.s.j , (G1)
with each hˆb.s.j supported on the spatially bounded region
Rj . Now, we define
Pˆp = 1
2
1 +∏
〈tq〉
t=p
Sˆtq
∏
〈qt〉
t=p
Sˆqt
∏
〈tqr〉
t=p
(−1)Fˆtqr
∏
〈qrt〉
t=p
(−1)Fˆqrt

(G2)
and
PˆRj =
∏
p⊂Rj
Pˆp, (G3)
and write
Hˆ ′
b.s.
=
∑
j
PˆRj hˆb.s.j PˆRj −
∑
p
Pˆp. (G4)
Pˆp is identically equal to 1, so Hˆ ′b.s. is equivalent to Hˆb.s..
Next, let us modify this Hamiltonian to insert a pair
of defects at two well separated vertices a and b. Let Γ
be a path of links connecting a and b, and let Γpq be the
indicator function
Γpq =
{
1 if 〈pq〉 ∈ Γ
0 otherwise.
(G5)
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Now we write each local term hˆb.s.j explicitly as a linear
combination of products of Sˆpq and (−1)Fˆpqr , and we
make the replacement:
hˆb.s.j (Sˆpq, (− 1)Fˆpqr )
−→ hˆb.s.j,Γ ≡ hˆb.s.j ((−1)Γpq Sˆpq, (−1)Fˆpqr ).
(G6)
Making the same replacement in Pˆj yields a new Hamil-
tonian Hˆb.s.Γ .
Notice that replacing Sˆpq with (−1)Γpq Sˆpq in the ex-
pression defining PˆR yields 0 if a or b is contained in the
region R. As a consequence, Hamiltonian terms whose
support contains the defects are removed from the Hamil-
tonian.
Now we bosonize Hˆb.s. and Hˆb.s.Γ . This yields
Hˆb.s.b ≡ Hˆ ′
b.s.
(Uˆpq, Wˆpqr) (G7)
and
Hˆb.s.b,Γ ≡ Hˆ ′
b.s.
((−1)Γpq Uˆpq, Wˆpqr). (G8)
The operators PˆR become projectors onto the Gˆp = 1
subspace for all p ⊂ R. As a consequence, the ground
states of Hˆb.s.b are in the Gˆp = 1 subspace, and away
from the defects, the ground states of Hˆb.s.b,Γ are in the
Gˆp = 1 subspace. We also note that, by construction,
the bosonized Hamiltonians commute with Gˆp for all p,
and thus, Gˆp can be interpreted as a small loop of an
emergent fermion string operator around the vertex p.
We can obtain a ground state of Hˆb.s.b,Γ by applying a
certain string operator to a ground state of Hˆb.s.b . In
particular, the string operator UˆΓ =
∏
〈pq〉∈Γ Zˆpq does
the job. Explicitly,
Hˆb.s.b,Γ UˆΓ|Ψb.s.b 〉 = UˆΓHˆb.s.b |Ψb.s.b 〉 = EminUˆΓ|Ψb.s.b 〉, (G9)
where in the first equality, we used that UˆΓ anticommutes
with Uˆpq for 〈pq〉 ∈ Γ. Applying Gˆp to this ground state
at either endpoint of Γ, we find that moving an emergent
fermion around the endpoint produces a minus sign:
Gˆa/bUˆΓ|Ψb.s.b 〉 = −UˆΓ|Ψb.s.b 〉. (G10)
Hence, UˆΓ creates either e excitations or m excitations
at its endpoints.
Since ground states of Hˆb.s.b,Γ have a pair of e or m ex-
citations relative to ground states of Hˆb.s.b , we can deter-
mine the effective symmetry action on a pair of e or m
excitations at a and b by bosonizing the effective sym-
metry action on the fermionic state with fermion parity
defects at a and b. For g such that σ(g) is non-trivial,
the effective symmetry action on the state with fermion
parity defects splits into a fermion parity odd operator
associated to each defect. Expressing the symmetry ac-
tion in terms of local fermion parity even operators, so
that it may be bosonized, requires a string of hopping
operators and fermion parity operators connecting the
two fermion parity odd operators. Hence, bosonization
yields an effective symmetry action that includes an em
string connecting a and b. This em string converts an e
(m) string into an m (e) string, and we have recovered
the expected effective symmetry action in the bosonic
shadow theory of a beyond supercohomology phase at
the lattice level.
Finally, to demonstrate that beyond supercohomology
SPT ground states cannot be constructed by applying a
symmetric finite depth quantum circuit to a trivial prod-
uct state, we assume that this is indeed possible and de-
rive a contradiction. If such a circuit Uˆb.s. exists, then in
bosonizing the circuit we obtain a circuit Uˆb.s.b which is
globally symmetric up to factors of Gˆp. (The Gˆp generate
the kernel of the fermionization duality.) Explicitly,
Vˆ (g)Uˆb.s.b = Uˆ
b.s.
b fg(Gˆp)Vˆ (g) (G11)
for some g dependent function fg of the Gˆp. In what fol-
lows, let us assume that UˆΓ creates a pair of e excitations.
An analogous argument can be made if UˆΓ instead creates
m excitations. Writing a ground state of the toric code
with a pair of e excitations as |Ψeet.c.〉, the ground state of
Hˆb.s.b with e excitations is Uˆ
b.s.
b |Ψeet.c.〉. We then compute
the effective symmetry action on a pair of e excitations:
Vˆ (g)Uˆb.s.b |Ψeet.c.〉 = Uˆb.s.b fg(Gˆp)Vˆ (g)|Ψeet.c.〉
= Uˆb.s.b fg(Gˆp)|Ψeet.c.〉. (G12)
As we have argued (at least for the anyons created by
UˆΓ), the effective symmetry action should convert the e
excitations into m excitations. However, fg is a function
of small emergent fermion loop operators. Loops of em
string are unable to transform e excitation into m ex-
citations. This contradicts the expected affect of global
symmetry action in the bosonic shadow model for beyond
supercohomology phases.
We have now shown that the ground state of a specific
beyond supercohomology model cannot be constructed
by applying a symmetric quantum circuit to a trivial
product state. This is sufficient to argue that no ground
state of any supercohomology model can by constructed
from a trivial product state with a symmetric quantum
circuit. This is because, by definition, ground states of
two beyond supercohomology phases can be related by a
quantum circuit built of symmetric local unitaries.
While we have shown that a symmetric quantum cir-
cuit is incapable of building the ground state of a beyond
supercohomology phase from a trivial product state, it
would be interesting to identify a quantum circuit, albeit
not symmetric, which is capable of creating the ground
state of a beyond supercohomology SPT from a trivial
product state. We leave this for future work.
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